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Abstract. Geometric methods proposed by Stallings [46] for treating 
finitely generated subgroups of free groups were successfully used to 
solve a wide collection of decision problems for free groups and their 
subgroups [3 [M EH EQI 131 SU |49] . 

In the present paper we employ the generalized Stallings' methods, 
developed by the author in [33, to solve various algorithmic problems 
concerning finitely generated subgroups of amalgams of finite groups. 

1. Introduction 



This paper continues the Hne of [33] and [34]. The primary goal of the 
sequence of these three papers is to solve effectively (by finding an algo- 
rithm) various decision problems concerning finitely generated subgroups of 
amalgams of finite groups. 

Decision (or algorithmic) problems is one of the classical subjects of com- 
binatorial group theory originating in the three fundamental decision prob- 
lems posed by Dehn [9] in 1911: the word problem, the conjugacy problem 
and the isomorphism problem. As is well known (the reader is referred to 
[371 [38] for a survey on decision problems for groups), these problems are 
theoretically undecidable in general. Thus the celebrated Novikov-Boone 
theorem asserts that the word problem is undecidable (p. 88 in [27]). However 
restrictions to some particular classes of groups may yield surprisingly good 
results. Remarkable examples include the solvability of the word problem 
in one-relator groups (Magnus, see II. 5. 4 in [27]) and in hyperbolic groups 
(Gromov, see 2.3.B in [15]). 

In free groups a big success in this direction is due to the geometrical 
methods proposed by Stallings [H] in the early 80's. Recall that Stallings 
showed that every finitely generated subgroup of a free group is canonically 
represented by a minimal immersion of a bouquet of circles. Using the 
graph theoretic language, the results of [46] can be restated as follows. A 
finitely generated subgroup of a free group is canonically represented by a 
finite labelled graph which can be constructed algorithmically by a so called 
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process of Stallings' foldings (Stallings' folding algorithm). Moreover, this 
algorithm is quadratic in the size of the input [El [30] . See [H] for a faster 
implementation of this algorithm. 

This approach reviled as extremely useful to solve algorithmic problems in 
free groups. See [3l [291 [301 [361 HH US] examples of the applications of the 
Stallings' approach in free groups, and [22l [2ll [351 [12] for the applications in 
some other classes of groups. Note that Stallings' ideas were recast in a com- 
binatorial graph theoretic way in the remarkable survey paper of Kapovich 
and Myasnikov [19], where these methods were applied systematically to 
study the subgroup structure of free groups. 

Our recent results [32] show that Stallings' methods can be completely 
generalized to the class of amalgams of finite groups. Along the current 
paper we refer to this generalization of Stallings' folding algorithm as the 
generalized Stallings' folding algorithm. Its description is included in the 
Appendix. Let us emphasize that the generalized Stallings' algorithm is 
quadratic in the size of the input, which yields a quadratic time solution of 
the membership problem in amalgams of finite groups (see [32]). 

We employ these generalized Stallings' methods to answer a collection of 
algorithmic questions concerning finitely generated subgroups of amalgams 
of finite groups, which extends the results presented in [T^]. Our results 
include polynomial solutions for the following algorithmic problems (which 
are known to be unsolvable in general |371I38|) in amalgams of finite groups: 

• computing subgroup presentations, 

• detecting triviality of a given subgroup, 

• the freeness problem, 

• the finite index problem, 

• the separability problem, 

• the conjugacy problem, 

• the normality, 

• the intersection problem, 

• the malnormality problem, 

• the power problem, 

• reading off Kurosh decomposition for finitely generated subgroups 
of free products of finite groups. 

These results are spread out between three papers: |S31[S1] and the current 
one. In [M] free products of finite groups are considered, and an efficient 
procedure to read off a Kurosh decomposition is presented. 

The splitting between |33j and the current paper was done with the fol- 
lowing idea in mind. It turn out that some subgroup properties, such as 
computing of a subgroup presentation and index, as well as detecting of 
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freeness and normality, can be obtained directly by an analysis of the cor- 
responding subgroup graph. Solutions of others require some additional 
constructions. Thus, for example, intersection properties can be examined 
via product graphs, and separability needs constructions of a pushout of 
graphs. 

In [33] algorithmic problems of the first type are presented: the computing 
of subgroup presentations, the freeness problem and the finite index prob- 
lem. The separability problem is also included there, because it is closely 
related with the other problems presented in [33] . The rest of the algorithmic 
problems are introduced in the current paper. 

The paper is organized as follows. The Preliminary Section includes the 
description of the basic notions used along the present paper. Readers fa- 
miliar with amalgams, normal words in amalgams and labelled graphs can 
skip it. The next section presents a summary of the results from [32] which 
are essential for our algorithmic purposes. It describes the nature and the 
properties of the subgroup graphs constructed by the generalized Stallings' 
folding algorithm in [32] . The rest of the sections are titled by the names of 
various algorithmic problems and present definitions (descriptions) and so- 
lutions of the corresponding algorithmic problems. The relevant references 
to other papers considering similar problems and a rough analysis of the 
complexity of the presented solutions (algorithms) are provided. In contrast 
with papers that establish the exploration of the complexity of decision prob- 
lems as their main goal (for instance, |20 1l21l[l8] ). we do it rapidly (sketchy) 
viewing in its analysis a way to emphasize the effectiveness of our methods. 



Other Methods. There have been a number of papers, where methods, 
not based on Stallings' foldings, have been presented. One can use these 
methods to treat finitely generated subgroups of amalgams of finite groups. 
A topological approach can be found in works of Bogopolskii [11[5]. For the 
automata theoretic approach, see papers of Holt and Hurt [T71 [18], papers 
of Cremanns, Kuhn, Madlener and Otto [8l|25], as well as the recent paper 
of Lolirey and Senizergues [26] . 

However the methods for treating finitely generated subgroups presented 
in the above papers were applied to some particular subgroup property. No 
one of these papers has as its goal a solution of various algorithmic problems, 
which we consider as our primary aim. Moreover, similarly to the case of free 
groups (see jl9j). our combinatorial approach seems to be the most natural 
one for this purpose. 
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3. Preliminaries 

Amalgams. Let G = Gi *a G2 be a free product of Gi and G2 with amal- 
gamation, customary, an amalgam of Gi and G2. We assume that the (free) 
factors are given by the finite group presentations 

(l.a) Gi = gp{Xi\Ri), G2 = gp{X2\R2) such that n = 0. 

A = {Y) is a group such that there exist two monomorphisms 

(l.b) : A Gi and (1)2 ■■ A ^ G2. 

Thus G has a finite group presentation 

(l.c) G = gp{Xi,X2\Ri,R2, Ma) = M^), aeY). 

We put X = XiU X2, R = RiU R2U {01 (a) = ^a) \ a £ ¥}. Thus 
G = gp{X\R). 

As is well known |27l [28l I43j . the free factors embed in G. It enables us 
to identify A with its monomorphic image in each one of the free factors. 
Sometimes in order to make the context clear we use to denote 

the monomorphic image of A in Gj (i S {1, 2}). 

Elements of G = gp{X\R) are equivalence classes of words. However it is 
customary to blur the distinction between a word u and the equivalence class 
containing u. We will distinguish between them by using different equality 
signs: for the equality of two words and "=g" to denote the equality 

of two elements of G, that is the equality of two equivalence classes. Thus 
in G = gp{x \ x^), for example, x = x but x ^ x~^, while x =g x~^. 

Normal Forms. Let G = Gi *a G2. A word gig2 ■■■ gn & G is in normal 
form (or, simply, it is a normal word) if: 

(1) gi ^G 1 lies in one of the factors, Gi or G2, 

(2) gi and gi+i are in different factors, 

(3) if n / 1, then g^ ^ A. 



-'^ Boxes are used for emphasizing purposes only. 
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We call the sequence (ffi,52i • • • iffn) a normal decomposition of the element 
g £G, where g =g 5i52 • • • ffn- 

Any g G has a representative in a normal form (see, for instance, p. 187 
in [23 )• If 5 = gig2' ' ' g-n is in normal form and 77, > 1, then the Normal 
Form Theorem (IV. 2. 6 in |27j ) implies that g 1. The number n is unique 
for a given element g of G and it is called the syllable length of g. We denote 
it l{g). We use \g\ to denote the length of g as a word in X*. 

Labelled graphs. Below we follow the notation of |1H I46j. 

A graph T consists of two sets -E'(r) and V^(r), and two functions -E'(r) — > 
E(T) and E(T) — > V{T): for each e (z E there is an element e G E{T) and 
an element i(e) € V{T), such that e = e and e ^ e. 

The elements of -E(r) are called edges, and an e G E{T) is a direct edge 
of r, e is the reverse (inverse) edge of e. 

The elements of V{T) are called vertices, t(e) is the initial vertex of e, 
and r(e) = t(e) is the terminal vertex of e. We call them the endpoints of 
the edge e. 

A pai/7 of length ti is a sequence of 77 edges p = ei ■ ■ ■ e„ such that Vi = 
T{ei) = i(ej+i) (1 < 7 < 77). We call p a path from vq = L{ei) to Vn = r(e„). 
The inverse of the path p is p = e^ ■ ■ -ei. A path of length is the empty 
path. 

We say that the graph T is connected if V^(r) 7^ and any two vertices 
are joined by a path. The path p is closed if i{p) = t{p), and it is freely 
reduced if ej+i 7^ ej (1 < i < ri). F is a iree if it is a connected graph and 
every closed freely reduced path in F is empty. 

A subgraph of F is a graph G such that V{G) C y(F) and E{C) C E{r). 
In this case, by abuse of language, we write G QT. Similarly, whenever we 
write Fi UF2 or Fi nF2, we always mean that the set operations are, in fact, 
applied to the vertex sets and the edge sets of the corresponding graphs. 

A labelling of F by the set is a function 

lab : E{r) X^ 

such that for each e G E{r), lab(e) = {lab{e))~^. 

The last equality enables one, when representing the labelled graph F as a 
directed diagram, to represent only X-labelled edges, because X~^-labelled 
edges can be deduced immediately from them. 

A graph with a labelling function is called a labelled (with X^) graph. 
The only graphs considered in the present paper are labelled graphs. 

A labelled graph is called well-labelled if 

i(ei) = i(e2), lab{ei) = lab{e2) ^ ei = 62, 
for each pair of edges ei, 62 G E{T). See Figured! 
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Figure 1. The graph Ti is labelled with {a,b,c}'^, but it is not 
well-labelled. The graphs r2 and Fa are well-labelled with {a,b,c}^. 



If a finite graph F is not well-labelled then a process of iterative identi- 
fications of each pair {61,62} of distinct edges with the same initial vertex 
and the same label to a single edge yields a well-labelled graph. Such iden- 
tifications are called foldings, and the whole process is known as the process 
of Stallings ' foldings [3 IS ESI EO] . 

Thus the graph F2 on Figured] is obtained from the graph Fi by folding 
the edges 61 and 62 to a single edge labelled by a. 

Notice that the graph F3 is obtained from the graph F2 by removing the 
edge labelled by a whose initial vertex has degree 1. Such an edge is called 
a hair, and the above procedure is used to be called "cutting hairs". 

The label of a path p = 6162 • • • e„ in F, where 6j G E(r), is the word 

lab{p) = lab{ei) • • • lab{en) G (X^)* . 

Notice that the label of the empty path is the empty word. As usual, we 
identify the word lab{p) with the corresponding element in G = gp{X\R). 
We say that p is a normal path (or p \s & path in normal form) if lab{p) is 
a normal word. 

If F is a well-labelled graph then a path p in F is freely reduced if and only 
if lab{p) is a freely reduced word. Otherwise p can be converted into a freely 
reduced path p' by iterative removals of the subpaths ee (backtrackings) 
([291 [19]). Thus 

i{p') = i{p)^ t{p') = t{p) and lab{p) =fg(x) ^ah{p'), 

where FG{X) is a free group with a free basis X. We say that p' is obtained 
from p by free reductions. 

If vi,V2 G V{r) and p is a path in F such that 

i{p) = vi, t{p) = V2 and lab{p) = u. 



Vl ■ U = V2 



then, following the automata theoretic notation, we simply write 
to summarize this situation, and say that the word u is readable at vi in F. 



A pair (F, uq) consisting of the graph F and the basepoint vq (a distin- 



guished vertex of the graph F) is called a pointed graph. 
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Following the notation of Gitik ( [TT] ) we denote the set of all closed paths 



in r starting at vq by Loop{T,vo) , and the image of lab{Loop{T,vo)) in 
G = gp{X\R) by Lab{r,VQ) . More precisely, 

Loop{T, Vq) = {p \ p is a path in T with l{p) = t{p) = vq}, 

Lab{r,vo) = {g £G \ 3p£ Loop(T,vo) : lah{p) =g g}. 

It is easy to see that Lab{T,VQ) is a subgroup of G ([H])- Moreover, 
Lab{r,v) = gLabiV ,u)g~^ , where g =g loh{p), and p is a path in F from v 
to u (dS]). If V{T) = {vq} and E{T) = then we assume that H = {!}. 

We say that H = Lab{T, vq) is the subgroup of G determined by the graph 
{T,vq). Thus any pointed graph labelled by X^, where X is a generating 
set of a group G, determines a subgroup of G. This argues the use of the 
name subgroup graphs for such graphs. 

Morphisms of Labelled Graphs. Let F and A be graphs labelled with 
X^. The map vr : F ^ A is called a morphism of labelled graphs, if vr takes 
vertices to vertices, edges to edges, preserves labels of direct edges and has 
the property that 

i(7r(e)) = 7r(i(e)) and r(7r(e)) = 7r(r(e)), Ve e E{r). 

An injective morphism of labelled graphs is called an embedding. If vr is an 
embedding then we say that the graph F embeds in the graph A. 

A morphism of pointed labelled graphs vr : (Fi,ui) (F2,f2) is a mor- 
phism of underlying labelled graphs vr : Fi — > F2 which preserves the base- 
point tt{vi) = V2- If F2 is well-labelled then there exists at most one such 
morphism (}19|)- 



Remark 3.1 ([19]). If two pointed well-labelled (with X^) graphs (Fi,?;i) 
and (F2,f2) are isomorphic, then there exists a unique isomorphism vr : 
(Fi,!!!) (F2,t'2)- Therefore (Fi,fi) and (F2,f2) can be identified via vr. 
In this case we sometimes write (Fi,t;i) = (F2,V2)- * 

The notation Fi = F2 means that there exists an isomorphism between 
these two graphs. More precisely, one can find Vi G V{Ti) [i £ {1,2}) such 
that {Ti,vi) = (F2,f2) in the sense of Remark |3. II 

Lemma 3.2 ([E]). Let (Fi,fi) and (F2,f2) be pointed graphs well-labelled 
with X^ such that degree{v) > 1 @ , for all v G V{Ti) \ {vi} (i < {1, 2} ). 

Then Lab{Ti,vi) < Lab{T2,V2) if and only if there exists a unique mor- 
phism TT : {Ti,vi) ^ (r2,V2). o 



^Recall degree{v) = |{e G E{ri) \ t(e) — v or r(e) — v}\. 
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4. Subgroup Graphs 

The current section is devoted to the discussion on subgroup graphs con- 
structed by the generahzed Stahings' folding algorithm. The main results 
of [32] concerning these graphs (more precisely, Theorem 7.1, Lemma 8.6, 
Lemma 8.7, Theorem 8.9 and Corollary 8.11 in [32])) which are essential for 
the present paper, are summarized in Theorem 14.11 below. All the missing 
notations are explained along the rest of the present section. 

Theorem 4.1. Let H = {hi, • • • , hk) be a finitely generated subgroup of an 
amalgam of finite groups G = Gi *a G2- 

Then there is an algorithm (the generalized Stallings' folding algorithm) 
which constructs a finite labelled graph {T{H),vo) with the following proper- 
ties: 

(1) Lab{r{H),vo) = H. 

(2) Up to isomorphism, {T{H),vo) is a unique reduced precover of G 
determining H . 

(3) {T{H),vo) is the normal core of (GayleviG, H), H ■ 1). 

(4) A normal word g € G is in H if and only if it labels a closed path in 
T{H) starting at vq, that is vq ■ g = vq. 

(5) Let m be the sum of the lengths of words hi,...hn. Then the al- 
gorithm computes {r{H),vo) in time 0{m?'). Moreover, \V((r{H))\ 
and \E{r{I{))\ are proportional to m. 

Corollary 4.2. Theorem \4.1\ (4 ) provides a solution of the membership problem 
for finitely generated subgroups of amalgams of finite groups. 



Throughout the present paper the notation (T{H), vo) is always used 
for the finite labelled graph constructed by the generalized Stallings' folding 
algorithm for a finitely generated subgroup H of an amalgam of finite groups 
G = Gi *A G2- 

Definition of Precovers: The notion of precovers was defined by Gitik in 
jllj for subgroup graphs of amalgams. Below we present its definition and 
list some basic properties. In doing so, we rely on the notation and results 
obtained in [11]. The discussion of precovers which are reduced come later 
in Section [5l 

Let r be a graph labelled with X^, where X = Xi UX2 is the generating 
set of G = Gi *A G2 given by (l.a)-(l.c). We view F as a two colored graph: 
one color for each one of the generating sets Xi and X2 of the factors Gi 
and G2, respectively. 

The vertex v G V{T) is called Xi-monochromatic if all the edges of T 
incident with v are labelled with X^ , for some i € {1;2}. We denote 
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the set of Xj-monochromatic vertices of T by VMi{T) and put VM{T) = 
VMi{r)UVM2{r). 

We say that a vertex v G V{T) is bichromatic if there exist edges ei and 
62 in r with 

t(ei) = t(e2) = V and /a6(ei) G Xf, i G {1,2}. 

The set of bichromatic vertices of F is denoted by VB(T). 

A subgraph of T is called monochromatic if it is labelled only with Xf^ 
or only with X^. An Xi -monochromatic component of F (i G {1,2}) is a 
maximal connected subgraph of T labelled with X^, which contains at least 
one edge. Thus monochromatic components of F are graphs determining 
subgroups of the factors, Gi or G2. 

We say that a graph F is G-hased if any path p C F with lab{p) =q 1 is 
closed. Thus if F is G-based then, obviously, it is well-labelled with X^ . 

Definition 4.3 (Definition of Precover). A G-hased graph T is a precover 
of G if each Xi-monochromatic component o/F is a cover of Gi (i G {l,2}j. 

Following the terminology of Gitik ( [llj ) , we use the term "covers of G " 
for relative (coset) Cayley graphs of G and denote by Cayley{G, S) the 
coset Cayley graph of G relative to the subgroup S of Gu If 5* = {1}, then 
Gayley{G, S) is the Cayley graph of G and the notation Cayley{G) is used. 

Note that the use of the term "covers" is adjusted by the well known 
fact that a geometric realization of a coset Cayley graph of G relative to 
some S < G is a 1-skeleton of a topological cover corresponding to 5 of the 
standard 2-complex representing the group G (see |47j . pp. 162-163). 

Convention 4.4. By the above definition, a precover doesn't have to be a 
connected graph. However along this paper we restrict our attention only to 
connected precovers. Thus any time this term is used, we always mean that 
the corresponding graph is connected unless it is stated otherwise. 

We follow the convention that a graph F with V{r) = {f } and E{T) = 
determining the trivial subgroup (that is Lab(T,v) = {1}) is a (an empty) 
precover of G. o 

Example 4.5. Let G = gp{x,y\x'^,y^,x^ = y^) = Z4 ^6- 

Recall that G is isomorphic to S'L(2,Z) under the homomorphism 




"^Whenever the notation Cayley{G,S) is used, it always means that S is a subgroup of 
the group G and the presentation of G is fixed and clear from the context. 
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The graphs Ti and on Figure [2] are examples of precovers of G with 
one monochromatic component and two monochromatic components, re- 
spectively. 

Though the {xj-monochromatic component of the graph r2 is a cover 
of Z4 and the {y}-monochromatic component is a cover of Zg, r2 is not a 
precover of G, because it is not a G-based graph. Indeed, v ■ {x^y~^) = u, 
while x^y~^ =g 1- 

The graph r4 is not a precover of G because its {x}-monochromatic com- 
ponents are not covers of Z4. o 




Figure 2. 

A graph F is x-saturated at G ^(r), if there exists e € E{T) with 
i{e) = V and lab{e) = x [x G X). F is -saturated if it is x-saturated for 
each X G X^ at each v € V{T). 

Lemma 4.6 (Lemma 1.5 in Let G = gp{X\R) be a group and let 

(F,uo) be a graph well-labelled with X^. Denote Lab(T,VQ) = S. Then 

• T is G-based if and only if it can be embedded in {Cayley{G, S),S ■ 1), 

• F is G-based and X^ -saturated if and only if it is isomorphic to 
{Cayley{G,S),S ■ 1).0 

Corollary 4.7. IfT is a precover of G with Lab{T,vo) = H <G then F is 
a subgraph of Cay ley {G, H). 

Thus a precover of G can be viewed as a part of the corresponding cover 
of G, which explains the use of the term "precovers" . 

Remark 4.8 ([32]). Let : F — > A be a morphism of labelled graphs. If F 
is a precover of G, then (j){T) is a precover of G as well. o 

^We write S ■ 1 instead of the usual 51 = 5 to distinguish this vertex of Cayley{G, S) 
as the basepoint of the graph. 
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Precovers are Compatible: A graph T is called compatible at a bichro- 
matic vertex v if for any monochromatic path p in F such that l{p) = v and 
lab{p) € A there exists a monochromatic path t of a different color in F such 
that i{t) = V, T{t) = t{p) and lab{t) =g lab{p). We say that F is compatible 
if it is compatible at all bichromatic vertices. 

Example 4.9. The graphs Fi and F3 on Figure [2] are compatible. The 
graph F2 does not possess this property because w -x^ = f, while w ■ = u. 
F4 is not compatible as well. o 

Lemma 4.10 (Lemma 2.12 in IfT is a compatible graph, then for any 

path p inT there exists a path t in normal form such that = l{p), T[t) = 
t{p) and lab{t) =g lab{p). 

Remark 4.11 (Remark 2.11 in [1 1] ) . Precovers are compatible. o 

The following can be taken as another definition of precovers. 

Lemma 4.12 (Corollary 2. 13 in IHJ). Let T be a compatible graph. If all Xi- 
components ofV are Gi-based, i £ {1,2}, then F is G-based. In particular, 
if each Xi-component of V is a cover of Gi, i € {1,2}, and F is compatible, 
then r is a precover of G. 

Normal Core and Canonicity: 

Definition 4.13. A vertex of Gay ley {G, H) is called essential if there exists 
a normal path closed at H ■ 1 that goes through it. 

The normal core (A, H-1) ofCayley{G, H) is the restriction ofCayley{G, H) 
to the set of all essential vertices . 

Remark 4.14. Note that the normal core (A, if • 1) can be viewed as the 
union of all normal paths closed at if • 1 in {Gayley{G, H), H ■ 1). Thus 
(A,ii • 1) is a connected graph with basepoint H ■ 1. 

Moreover, V{A) = {H ■ 1} and E{/S) = if and only if H is the trivial 
subgroup. Indeed, H is not trivial iff there exists 1 ^ g £ H u\ normal form 
iff g labels a normal path in Cayley{G, H) closed at ii • 1, iff E{IS) ^ 0. 

o 

Therefore the normal core of Cayley{G, H) depends on H itself and not 
on the set of subgroup generators, which, by Theorem 14.11 (3), implies the 
canonicity of the construction of (F(ii),fo) by the generalized Stallings' 
folding algorithm. This provides a solution of the Membership Problem for 
finitely generated subgroups of amalgams of finite groups given by Theo- 
rem lO (4). 
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Complexity Issues: As were noted in [32], the complexity of the gener- 
ahzed Stalhngs' algorithm is quadratic in the size of the input, when we 
assume that all the information concerning the finite groups Gi, G2, A and 
the amalgam G = Gi *a G2 given via (l.a), (1.6) and (l.c) (see Section E]) 
is not a part of the input. We also assume that the Cayley graphs and all 
the relative Cayley graphs of the free factors are given for "free" as well. 

Otherwise, if the group presentations of the free factors Gi and G2, as well 
as the monomorphisms between the amalgamated subgroup A and the free 
factors are a part of the input (the uniform version of the algorithm) then 
we have to build the groups Gi and G2, that is to construct their Cayley 
graphs and relative Cayley graphs. 

Since we assume that the groups Gi and G2 are finite, the Todd-Coxeter 
algorithm and the Knuth Bendix algorithm are suitable [27[ \^5\ [¥7] for these 
purposes. Then the complexity of the construction depends on the group 
presentation of Gi and G2 we have: it could be even exponential in the 
size of the presentation [7]. Therefore the generalized Stallings algorithm, 
presented in [32], with these additional constructions could take time expo- 
nential in the size of the input. 

Thus each uniform algorithmic problem for H whose solution involves the 
construction of the subgroup graph T(H) may have an exponential complex- 
ity in the size of the input. 

The primary goal of the complexity analysis introduced along the current 
paper is to estimate our graph theoretical methods. To this end, we assume 
that all the algorithms along the present paper have the following "given 
data" . 

GIVEN: : Finite groups Gi, G2, A and the amalgam G = Gi *a G2 
given via (l.a), (1.6) and (l.c). 

We assume that the Cayley graphs and all the relative Cayley graphs 
of the free factors are given. 

5. The Conjugacy Problem 

The conjugacy problem for subgroups of a group G asks to answer whether 
or not given subgroups of G are conjugate. Below we solve this problem for 
finitely generated subgroups of amalgams of finite groups, using subgroup 
graphs constructed by the generalized Stallings' algorithm. 

Our results extend the analogous ones obtained for finitely generated 
subgroups of free groups by Kapovich and Myasnikov in [19]. We start by 
discussing of this analogy. Throughout the present section we assume that 
G = Gi *A G2 is an amalgam of finite groups. 
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The solution of the conjugacy problem for finitely generated subgroups of 
free groups, presented in [19], involve a construction of a special graph Type 
which is a core graph with respect to each of its vertices. Thus it posses 
the property that H,K <f.g. FG{X) conjugate if and only if TypeiTn) = 
Type{TK). 

The extended definition of Type in the case of amalgams of finite groups 
as well as a discussion of its properties are introduced in Section 15.11 The- 
orem ETH] gives a connection between Types of conjugate subgroups, which 
provides a solution of the conjugacy problem for subgroups in amalgams 
of finite groups. The algorithm is presented along with the proof of Corol- 
lary 15.171 The complexity analysis shows that this algorithm is quadratic in 
the size of the input. 

In [l6] Stallings defined a core- graph to be a connected graph which has 
at least one edge, and each of whose edges belongs to at least one cyclically 
reduced circuit. He noted that every connected graph with a non-trivial 
fundamental group contains a core where the fundamental group is con- 
centrated, and the original graph consists of this core with various trees 
hangings on. Thus given a connected graph T which has at least one edge, 
one can obtain its core by the process of shaving off trees''^ . 

In [19] the Stallings' notion of a core-graph were split into two aspects: 
a core with respect to some vertex {the hasepoint) and a core with re- 
spect to any of its vertices. The first notion corresponds to the subgroup 
graph {TsiVq) of S <f.g. F{X) constructed by Stallings' algorithm [IB] , 
while the second one defines Type{Ts)- Thus Ts can be obtained from 
Cayley{FG{X), S) by a "partial shaving procedure", which preserves the 
basepoint S ■ 1. The "full shaving procedure" yields TypeiVs)- Moreover, 
Type{Ts) can be obtained from the subgroup T^ by the iterative erasure of 
the unique sequence of spurs {spur is an edge one of whose endpoints has 
degree 1) starting from the basepoint vq of Ts- 

An analog of (F^, vq) in amalgams of finite groups is the subgroup graph 
{T{H), Vq) constructed by the generalized Stallings' algorithm, where H < f g^ 
Gi*aG2- By Theorem l4.1l (3). {T{H), vq) is the normal core of {Cayley{G, H),H- 
1), that is the union of all normal paths in {Gayley{G, H), H ■ 1) closed at 
H -1. That is, it is a sort of a core graph with respect to the basepoint H -1. 

An analog of a spur in subgroup graphs of finitely generated subgroups 
of amalgams of finite groups is a redundant component. The notion of re- 
dundant component were defined in [32]. However in the present context its 
more convenient to use the name redundant component w.r.t. the basepoint 
Vq for that notion defined in [32] , and to keep the name redundant component 
for the following. 
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Definition 5.1. Let T he a precover of G. Let C be a Xi-monochromatic 
component ofT (i ^ {1, 2} ). C is redundant if one of the following holds. 

(1) C is the unique monochromatic component ofV (that isV = C) and 
Lab{C,v) = {1} (equivalently, by Lemma \4-(){ C is isomorphic to 
Cayley{Gi)), where v G V{C). 

(2) r has at least two distinct monochromatic components and the fol- 
lowing holds. 

Let € VB{C). Let K = Lab{C,'&) (equivalently, by Lemma \4.6\ 
{C,^) = {Cayley{Gi,K),K-l)). 

Then K < A and VB{G) = A{'&). | 
C is redundant w.r.t. the vertex u € ViX) if C is redundant and u € V{G) 
implies u € VB{C) and K = {!}. 

Remark 5.2. Similarly to the removing of spurs from graphs representing 
finitely generated subgroups of free group, in the case of amalgams of finite 
groups the erasing of redundant components w.r.t. vq from (r,uo) doesn't 
change the subgroup defined by this pointed graph (see Lemma 6.17 in |32j). 

Namely, if V is the graph obtained from T, by erasing of a monochromatic 
component which is redundant w.r.t. vq, then Lab{T' ,v'q) = Lab(T,VQ), 
where v'q is the image of vq in T'. 

o 

The following example attempts to give an intuition of what happens in 
the covering space corresponding to the subgroup H < G of the standard 
2-complex representing G, when we remove redundant monochromatic com- 
ponents from a subgraph of Cayley{G, H), which is the 1-skeleton of this 
covering space. 

Example 5.3. Let G = gp{x,y\x^,y^,x'^ = y^) = Gi *a G2, where Gi = 
gp{x\x'^), G2 = gp{y\y^) and A = (x^) = {y^). 

Assume that all the redundant monochromatic components are isomor- 
phic to either Cayley{Gi) or Cayley{G2). Hence a removing of a redundant 
component from Cayley{G, H) is expressed in the covering space by re- 
moving a 2-cell with the boundary path x^ (or y^) and two 2-cells with 
the boundary path x^y~^. One can imagine this process as "smashing of 
bubbles" , see Figure El 

However even if a redundant component is isomorphic to Cayley{Gi, S), 
where {1} S < Gi, i £ {1,2}, the "bubbles intuition" fails as well as in the 
cases when the factor groups are not cyclic. That is now the parts removed 

^Recall that A{'d) = {i9 ■ a | a G ^} is the A-orbit of i9 in V(C) by the right action 
of A on V{C). Since A^ = K, the condition VB{C) — A{'f)) can be replaced by its 
computational analogue |1/_B(C)| = [A : K]. 
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from the covering space hardly resemble bubbles, while the motivation for 
their removing remains the same. 

Here the common intuition with Stallings' construction: we "smash bub- 
bles" instead of "shaving off trees" , which can be thought of as an iterative 



The subgroup graph {T{H),vq) is a unique finite reduced precover of G, 
by Theorem 14. II (2). Now we are ready to recall the precise definition of this 
term. 

Definition 5.4 (Definition 6.18 in [32]). A precover {T,vq) of G is reduced 
if the following holds. 

(i) {T,vq) has no redundant components w.r.t. vq. 

(ii) Lab{CQ,VQ)r\A ^ {1} implies vq € VB(T), where Cq is a monochro- 
matic component ofT such that vq € V{Co). 

Roughly speaking, the reduced precover {T{H),vo) can be obtained from 
{Cayley{G , H) , H ■ 1) by removing of all redundant components w.r.t. the 
basepoint H ■ 1. Intuitively, in analogy with |19j . the graph obtained from 
{Cayley{G, H), H-1) by erasing of all redundant components is Type{T{H)). 
Moreover, Type{r{H)) can be obtained from the graph T{H) by the iterative 
erasure of the unique sequence of redundant components starting from Cq 
such that Vq E V{Co). Some special cases occur when H is a subgroup of a 
factor, Gi or G2, of G. 

5.1. Type. Consider (T{H),vq), where H is a finitely generated subgroup 
of an amalgam of finite groups G = Gi *a G2- 

As is mentioned in the introductory part, a definition of Type{T{H)) 
largely relies on the definition of T(H). To this end we start by presenting 
some properties of reduced precovers based on the results obtained in [32] . 



erasure of spurs. 



o 




X 



y 



Figure 3. A bubble. 
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Lemma 5.5 (Lemma 6.21 in [M])- Let {T,v) be a precover of G with no 
redundant components w.r.t. v. Let H = Lab(T,v). 

If {T,v) is not a reduced precover of G, then Lab{C,v) (1 A = S ^ {1} 
and V € VMi{T), where C is a Xi-monochromatic component ofV such that 
v^V{C) (ie{l,2}). 

Moreover, {T{H),vo) = {T *{^,.a=Sa \ aaA} Cayley{Gj, S),^),where I < i 
J < 2 and -d is the image of v ( equivalently, of S ■ 1) in the amalgam graph. 

Corollary 5.6. Let T be a precover of G. Let C be a Xi-monochromatic 
component ofV and let v E VMi{C) (i S {1,2}). 

Then the graph A = T^^^.^^g^ | aeA}Cayley{Gj, S), where S = Lab{C, f )n 
A, satisfies 

• r and Cayley{Gj, S) embeds in A (1 < i ^ j < 2), 

• Lab{A,-d) = Lab{T,v), where is the image of v in A. 

Lemma 5.7. Each of the following holds. 

(i) H = {1} if and only ifV{T{H)) = {v^}, E{T{H)) = 0. 

(ii) H <Gi and H r\ A = {1} if and only if T{H) consists of a unique 
Xi-monochromatic component: {r{H),VQ) = {Gayley{Gi, H), H ■ 1) 
(i€{l,2}). 

(iii) H < A if and only if{T{H),VQ) = (A,??), where 

A = Cayley{Gi, H) *^Ha | aeA} Cayley{G2, H) and i9 is the image of 
H -1 in A. 

(iv) If H ^ Gi for all i G {1,2} then Gq C T{II) is a redundant compo- 
nent if and only if vq S V{Go) and there exists uq G VB{Go) such 
that VB{Go) = A{uq) and Lab{Go,uo) < A. Moreover, Co is a 
unique redundant component ofT{H). 

Proof. By Theorem 14.11 (2). the reduced precover {r{H), vq) is unique up to 
isomorphism. By the Definition 15.41 a graph (A, u) such that V^(A) = {u} 
and E{A) = is a reduced precover of G, which satisfies Lab{A,u) = {1}. 
Therefore {A,u) = {T{H),vo). This gives the "if" direction of (i). Similar 
arguments prove the "if" direction of (ii) and (iii). 

The converse of (i) is trivial. The opposite direction of (ii) is true, be- 
cause, by Lemma [4.61 (Xi^) = {Gayley{Gi, H), H • 1) (i e {1,2}) implies 
Lab{T, v) = H. Moreover, by Definition 15.41 (L, v) is a reduced precover of 
G with Lab(r, v) = H whenever H < Gi such that HnA = {!}. 

To prove the converse of (iii), let T = Ci *{vi-a=v2-a \ aeA} C2, where 
{Gi,Vi) = {Cayley{Gi,H),H ■ 1) and H < A {i e {1,2}). Let v be the 
image of Vi in F. Hence Lab{Gi,Vi) < Lab{T, v). Now we need the following 
result from [321. 
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Claim 1. Let {T,v) be a precover of G. Let C he a Xi -monochromatic 
component ofT. Then the foUowings are equivalent. 

• ui ■ a = U2 implies a G A, for all ui,U2 S VB{C). 

• VB{C) = and Lab{C,'d) < A, for all ^ G VB{C). 

Thus ui ■ a = U2 implies a G A, for all ui,U2 € VB{Ci) = VB{C2)- 
Therefore no normal words of syllable length greater than 1 label normal 
paths in T closed at v. Hence if g € Lab{T, v) and p is a normal path in 
r closed at v such that lab{p) = g then either p Q Ci or p Q C2- Thus 
g = lab{p) e H. Therefore Lab{r,v) = H < A. By Theorem O (2), 

{r,v) = {r{H),vo). 

The statement of (iv) is an immediate consequence of Definition 15.41 and 
Definition 15.11 

To prove the uniqueness of Co assume that there exists another redundant 
component D in T{H) such that vq £ V{D) and there exists u E VB{D) such 
that VB{D) = A{u) and Lab{D,u) < A. Thus, without loss of generality, 
one can assume that Co is a Xi-monochromatic component and D is a 
X2-monochromatic component. Hence vq € VB{Cq) D VB{D). Therefore 
A{uo) = A{vo) = A{u). Hence ^^(Co) = VB{D). Since the graph r{H) 
is well-labelled, this implies that Co and D are the only monochromatic 
components of T(H). 

Moreover, since vq G A{uq), there is a € A such that vq = uq • a. Hence 
Lab{Co,vo) = aLab{Co,uo)a~^ < A. Similarly, Lab{D,VQ) < A. Thus 
Lab{Co,vo) = A^g = Lab{D,vo)- ^ Therefore, by (iii), H = A^^ < A, which 
contradicts the assumption of (iv). 

o 

Remark 5.8. In (iii), the graphs Cayley{Gi, H) and Cayley{G2,H) em- 
beds in A, by Corollary 15.61 O 

Corollary 5.9 (The Triviality Problem). Let hi, ■ ■ ■ ,hn e G. 

Then there is an algorithm which decides whether or not the subgroup 
H = {hi, ■ ■ ■ ,hn) is trivial. 

Proof. We first construct the pointed graph {T{H),vq), using the generalized 
Stallings' folding algorithm. 

By Theorem 14.11 (2). {T{H),vq) is a reduced precover of G. Therefore, by 
Lemma EZti), H = Lab{T{H),vo) = {1} if and only if V{T{H)) = vq and 
E{r{H)) = 0. o 

Remark 5.10 (Complexity). To detect the triviality of a subgroup H given 
by a set of generators it takes the same time as to construct the subgroup 

^AvQ = Lab{Co,vo) n ^4 is the A-stabihzer of vq by the right action of A on V{Co)- 
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graph T{H). By Theorem 14.11 (5), it is 0{m?)^ where m is the sum of the 
lengths of words /ii, . . . o 

Lemma 5.11. Let H be a finitely generated subgroup ofG such that H ^ Gi 
(iG{l,2}). 

IfT(H) has a redundant component, then there exists a unique sequence of 
alternating monochromatic components Cq, ■ ■ ■ Cm-i ofT{H) such that the 
graph Tm., obtained from T{H) by the iterative erasure of the above sequence, 
has no redundant components. 

Proof. By Lemma 15.71 (iv), T{H) has the unique redundant component 
Co which satisfies vq e V{Co) and there exists uq € VB{Co) such that 
VB{Co) = A{uo) and Lab{Co,uo) < A. 

Let Li be the graph obtained from T{H) by removing of the component 
Cq. That is 

VMiiTi) = VMi{r{H)) \ VMiiCo), YMjiT^) = VM,{r{H)), 

VBiFi) = VB{r{H)) \ VB{Co) and ^(Li) = E{r{H)) \ E{Co). 

The resulting graph Fi is, obviously, a finite precover of G. If Ti has no 
redundant components then m = 1. 

Otherwise there exists a unique Xj-monochromatic component of Fi (1 < 
i ^ j < 2) which is redundant. Indeed, T{H) has a unique Xj-monochromatic 
component Ci such that Co fl Ci = VB{Co) {I < i ^ j < 2). By abuse of 
notation, we identify the component Ci of T(H) with its image in Fi. Thus 

VBrACi) = VBr(^H){Ci) \ VB{Go). 

Therefore, Ci is a Xj-monochromatic redundant component of Fi if and only 
if there exists a vertex ui € V By(^jj){Gi)\V B (Gq) such that Lab{Gi,ui) < A 
and VBri^H){Ci) = A{ui) U VB{Go) = A{ui) U A{uo). 

Since the graph T{H) is finite, continuing in such manner one can find 
the unique sequence 

(*) Gq, Ci, . . . , Cm-i 

of Xj. -monochromatic components of T[H) (see Figure H]) such that the 
following holds. 

(1) 1 < ji / ji+i < 2 for all < i < m - 1. 

(2) Vq € V{Gq) and there exists uq G VB{Go) such that Lab{Go,UQ) < A 
and VB{Go) = A{uo). 

(3) For all 1 < i < ?n - 1, there exists m G VB{Gi) \ VB{Gi-i) such 
that Lab{Gi,Ui) < A and VB{Gi) = A{ui-i) U A{ui). 

(4) The graph F^, obtained from T{H) by the iterative removal of se- 
quence (*), has no redundant components. 
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Following the notation of Lemma 15.111 we define. 
Definition 5.12 (Definition of Type). Let H be a finitely generated subgroup 



ofG = Gi *A G2. 

If H < Gi or T{H) has no redundant components then Type{T{H)) = 
T{H). Otherwise Type{V{H)) = T^. 

Lemma 5.13 (Properties of Type{T{H))). 

(i) Type{T(H)) is a finite nonempty precover of G. 

Let V e V{Type{T{H))). Let K = Lab{Type{T{H)),v). 

(ii) K^{1}. 

(iii) Lab(T{H),v) = K. 

(iv) IfH,K^ A then Type{T{K)) = Type{T{H)). 

If H <A then Type{T{H)) = Gi *{y^.a=v2-a \ aeA} C2 and 




K^A; 
K <A, 



T{H) 




Figure 4. Let H <j.g d *a G2 ^ Z4 *Z2 Ze, where Gi = gp{x\x'^), 
G2=gp{y\y'') ^ndA={x^) = {y''). 



Thus Co,Ci,C2 is the unique sequence of alternating monochromatic 
components in the graph T{H) such that T3 has no redundant compo- 



nents. 



In r{H) : {Co,uo) = Cayley{Gi) and VB{Co) = ^K); (Ci,ui) = 
Cayley{G2) and VB(Ci) = A{uq) U A(ui); (C2,U2) = Cayley{Gi) 
and VB{C2) = A{ui) U A{u2); (Cg.tts) = Cayley{G2), but VBiCs) = 
A{u2) U A{us) U A{u4). Thus Type{T{H)) = Ts. 
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where {Ci,Vi) = {Cayley{Gi,H),H-l), for alii € {1,2}, Lab{Ci,v) = 
K and I < I ^ j <2. 

Proof. If Type{T{H)) = T{H) then the statement of (i)-(iii) is trivial. There- 
fore, without loss of generality, we can assume that Type(T{H)) = Tm, 
where Tm is obtained from T(H) by the iterative removal of the unique 
sequence (*) of alternating monochromatic components 

Co,Ci, . . . , Cm-l- 

By the construction, Type{T(H)) = is a finite precover of G. Assume 
that Tm consists of a unique monochromatic component Cm, that is Tm = 
Cm, then Cm is not redundant. Indeed, \VBr^{Cm)\ = (see Figure [5]), 
hence yi?r(H)(Cm) = A{um-i)- Since vq V{Cm) and {T{H),vq) is a 
reduced precover of C, that is has no redundant components w.r.t. vq, this 
is possible if and only if {1} 7^ Lah(Cm,Um—i 

) ^ A. This completes the 

proof of (i) and (ii). 



T(H) 




Figures. Example of the sequence Co , Ci of alternating monochro- 
matic components in the graph T{H), where H < f.g.Gi *a G2 ^ S3 
S3, where Gi = gp(a,b \ a^, b^, ab — ba?), G2 = gp{x,y \ x^, j/^, xy = 
yx^), and A = {ab) — {yx). In r(_ff): (Co,uo) = Cayley{Gi) and 
VB{Co) = A{uo); VB{Ci) = VB{Co), Lab{Ci,v) = {x) ^ A. Thus 
Type{V{H))^V2^C^. 



Since each monochromatic component Cj (1 < i < m — 1) is redundant 
in Fj (which is the graph obtained from T{H) by the iterative removal of 
Co, • • • ,Ci-i) w.r.t. some v G V(Tm) ^ ^(^(-ff)), we conclude, by Re- 
mark [521 that Lab{r{H),v) = Lab{Tm,v). We get (iii). 

To prove (iv), assume first that H < A. Therefore, by Definition 15. 121 and 
by Lemma O (iii), Type{T{H)) = T{H) = Ci *{„i.a=^2-a | aeA} C2, where 
{Ci,Vi) = {Cayley{Ci,H),H • 1) (z G {1,2}). Without loss of generality, 
assume that vq ^ v G V{Ci). Therefore C2 is redundant w.r.t. v. Hence, 
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Ci, KnA = {l}; 

Ci *{v.a=s-a I aeA} Cayley{G2, S), KnA = S^ {1}. 



Therefore 

Type{T{K)) 



\ Ci *{^.a=K-a I aeA} Cayley{G2, K), K < A. 

Assume now that H, K ^ A. Thus combining Definition l5.12l and Lemma FS-T^ 
we conclude that Type{T{H)) has no redundant components. If {Type(r{H)),v) 
is a finite reduced precover of G then, by Theorem l4.1l (2). {Type(T{H)),v) = 
{TiK),uo). 

Otherwise, by Lemma 15.51 

Cayley{Gj,S), 

where S = Lab{C,v) A {1} and C is a Xj-monochromatic component 
of Type{T{H)) such that v G V{G) (1 < i / j < 2). Since K ^ A, the com- 
ponent D = Cayley{Gj, S) is redundant in T{K). Therefore Type(T{H)) = 
Type{T{K)). This completes the proof. 



Example 5.14. Concerning the subgroups Hi and H2 from Example I A. 2 1 
and their subgroup graphs T{Hi) and T{Hi) presented on Figures [12] and 
dSl we compute that Type{T{Hi)) = T{Hi) and Type{T{H2)) = T{H2). o 



5.2. Conjugate Subgroups. 

Lemma 5.15. Let H and K he nontrivial subgroups ofG such that Type{T(H)) = 
Type(T{K)). Then H is conjugate to K in G. 

Proof. Suppose that Type{T{H)) = Type{T{K)) = T. Let v G V{T) C 
V{T{H)). Hence the subgroup Lab{T{H),v) is conjugate to the subgroup 
Lab{T(H),VQ). By Lemma 15.131 (iii). Lab{T(H),v) = Lab{T,v). Therefore 
the subgroup Lab{T,v) is conjugate to the subgroup Lab{T{H),vo) = H. 
By symmetric arguments, the subgroup Lab{T, v) is also conjugate to the 
subgroup K. Hence H is conjugate to K. See Figure [D o 

Theorem 5.16. Let H and K be finitely generated subgroup of an amalgam 
of finite groups G = Gi *a G2- 

Then H is conjugate to K in G if and only if one of the following holds 
(1) H,K^A and Type{T{K)) = Type{T{H)). 
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Type(T{H)) = Type{T{K)) 



Figure 6. K ^ gHg'^, where g = gig2g-i- 



(2) H <A, Type{T{H)) = Ci *{y^.a=v2-a | a&A} C2 and 



Type{T{K)) 



Cu K ^ A; 

Q *{va=K a I aGA} C ayley{G j , K) , K < A, 

where {Ci,Vi) = {Cayley{Gi, H),H-1), for alii € {1, 2}, Lab{Ci,v) 
K,ve V{Ci) and 1 < / / j < 2. 



Proof. If (1) holds then, by Lemma 15.151 H is conjugate to K in G. 

Assume that (2) holds and, without loss of generality, assume that 1 = 1. 
Thus, by Lemma 15. 131 (iii). Lab{T{K),v) = Lab{Type{r{K)),v). Therefore, 
by Lemma [531 Lab{Type{T{K)),v) = Lab{Ci,v). Therefore the subgroup 
Lab{Gi,v) is conjugate to the subgroup Lab{T{K),uo) = K. 

On the other hand, Lab{V{H),v) = Lab{Ci,v), by Remark l5.2[ because 
G2 is redundant w.r.t. v. Therefore the subgroup Lab{Gi, v) is conjugate to 
the subgroup Lab(T{H),VQ) = H. Thus H and K are conjugate subgroups 
of G. 

Let K = g~^Hg. Without loss of generality, assume that g £ G is a 
normal word. Let g = gig2, where gi is the maximal prefix of the word g 
such that there is a path p in T{H) with l{p) = vq and lab{p) = gi, where 
vq is the basepoint of T{H). Let v = t{p) G V{r{H)). See Figure El 

If g2 is the empty word then g = gi, and Lab(r{H), v) = g~^Hg = K. 

If i; € Type(T{H)) then, by Lemma 15.131 (iv), we are done. 

Assume now that v ^ V{Type{T{H)). Therefore Type{T{H)) ^ T{H). 
Thus, by Definition 15. 121 H ^ Gi {i e {1, 2}). Without loss of generality, we 
can assume that Type(T{H)) = Tm, where F^ is obtained from T{H) by the 
iterative removal of the unique sequence (*) of alternating monochromatic 
components 

Co, Ci, . . . , Cm-l- 

Hence there exists 1 < i < m — 1 such that v S V{Gi). Without loss of 
generality, we can assume that Ci is a Xi-monochromatic component. Let 
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Figure 7. The closed connected curves represent monochromatic 
components of different colors. The broken curves denote the rest of 
the graph. 

Fj be the graph obtained from T{H) by the iterative removal of the unique 
sequence Co, ... , Cj-i. By Lemma [53| we have either T{K) = Fj or 

T{K) = Ti *{y.a=s-a I aeA} Cayley{G2, S), 
where S = K n A. 

In the first case, since each component Cj is redundant in Tj {i < j < 
m — 1), Type{T{K)) is obtained from T{K) by the iterative erasure of the 
unique sequence of alternating monochromatic components Cj, . . . , Cm-i- 

In the second case, the component D = Cayley{G2, S) of T{K) is re- 
dundant. Therefore Type{T{K)) is obtained from T{K) by the iterative 
erasure of the unique sequence of alternating monochromatic components 
D, d, Cm-i- Therefore K ^ d {i £ {1, 2}) and 

Type{T{K)) =T^ = Type{T{H)). 
Assume now that g2 is a nonempty word. 

We suppose first that v € V{Type{r{H))). Let F' be the graph obtained 
from Type(T(H)) by attaching to this graph a "stem" q at the vertex v, 
such that lab{q) = §2- Thus = v and we let r(g) = v', see Figure El 

Obviously, Lab{T',v) = Lab{Type{T (H)) , v) . By Lemma l5.13t 

Lab{T',v) = Lab{Type{T{H)),v) = Lab{T{H),v) = g^^Hgi. 

Therefore Lab{Y' ,v') = g^^ Lab{r' ,v)g2 = g~^Hg = K. 

Let q = qi ■ ■ ■ gj, he Su decomposition of q into maximal monochromatic 
paths. Let Vi = 1 <i <k. Thus v = vi. 



24 



L.MARKUS-EPSTEIN 






»^ 






— »• 




V2\ 


V3 


Vk 


v' 



Figure 8. The closed connected curves represent monochromatic 
components of different colors. The broken curves denote the rest of 
the graph. 



Now we need the following result from [33] (given along with the proof of 
Claim 2 in 



Claim 2. The graph {T',v') can be embedded into a finite precover {T",v'' 
of G such that 

T" = (((r' *{y^.a\a&A} Dl) *{v2-a\a(^A} ^2) ' • •) *{v^^.a\aeA} ^k, 



where 



• {Dj,Vj) = Cayley{Gij,Sj) (I < j < k, 1 < ij / ij+i < 2), 

• Si = Lab{C, v) n A, where C is a Xi-^ monochromatic component of 
Type{T{H)) such that v G V{C), 

• Sj+i = Lab{Cayley{Gi^,Sj),Vj+i) nA (l<j<k-l), 

• the image of qj in T" is a path in Dj , 

• v" is the image of v' in T" . 



Let r^. = ((r *{^^.a\a&A} Di)---) *{vya\a&A} Dj, for all l<j<k. Thus 
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By Corollarv l5.6l Lab{T',vi) = Lab(T[,vi) and Lab{T'j,Vj) = Lab{T'j_-^^,Vj) 
Therefore 

Lab{T'j,Vj^i) = {lab{qj))~^ Lab{T'j,Vj)lab{qj) = {lab{qj))~^ Lab{T'j_i,Vj)la 
= {lab{qi ■ ■ ■ qj))~^Lab{r[,vi)lab{qi ■ ■ ■ qj) 
= {lab{qi ■ ■ ■ qj))~^ Lab{T' , vi)lab{qi ■ ■ ■ qj). 

Thus 

Lab{T",v") = Lab{T',„v") = g^^ Lab{T' ,vi)g2 = (gm)-^ Hig^) = K. 

Moreover, by the construction, T" is a precover of G which has no redundant 
components w.r.t. v" . Hence, by Lemma |5.5| either T{K) = T" or 

r{K) = T" *^^„.a=s a I a&A} Cayley{Gi, S), 

where S = K f] A and / = ifc-i- 

By the construction of T" (see the proof of Claim [2|) , D/^ , . . . ,Di is 
the unique sequence of redundant components in T" which satisfies the 
conditions (l)-(3) from the description of sequence (*) (see the proof of 
Lemma |5.11|) . Therefore, in the first case, it should be erased from T(K) 
along the construction of Type{T{K)). 

In the second case, the component D = Cayley{G2, S) of T{K) is re- 
dundant. Therefore the sequence D,Di:,...,Di should be erased from 
T{K) along the construction of Type{T{K)). Therefore, by Definition 15.121 
K Gi {i G {1,2}). Moreover, if Type{T{H)) has no redundant com- 
ponents, that \s H ^ A then Type{T{K)) = Type{V{H)) if Type{T{H)). 
Otherwise 

Type{T{H)) = T{H) = Gi *{y^.a=v2-a \ aeA} C2, 

where {Gi,Vi) = {Gayley{Gi, H), H ■ 1), for ah i G {1,2}. Without loss of 
generality assume that v G V{Gi). Hence Type{T{K)) = Ci. 

If v V{Type{T{H))) then H ^ Gi {i G {1,2}). We take V to be 
the graph obtained by gluing a stem q labelled by 52 at u G V{Gi) to 
the graph Fj, which is obtained from T(H) by the iterative removal of the 
sequence Co, . . . ,Cj-i of redundant components in T{H). Combining the 
proofs of two previous cases, namely v V{Type{r{H))), g2 =g 1 and 
V G V{Type{r{H))), g2 1, we conclude that K ^ Gi {i £ {1,2}), and 
Type(T{K)) = Type{V{H)). 

o 

'''By abuse of notation, we identify the vertices Vj G V{T') with their images in the 
graphs (1 < j < fc). 
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Corollary 5.17. Let hi, . . . ,hs,ki, . . . ,kt € G. Then there is an algorithm, 
which decides whether or not the subgroups 

H = {hi,...,hs) and K = {ki,...,kt) (i ^ {1,2}) 

are conjugate in G. 

Proof. First we construct the graphs {T{H),vq) and {T{K),uo), using the 
generalized Stallings' algorithm. Then we compute TypeiT{H)) and Type{T{K)) 
according to the definition of Type. Now we verify if any of the conditions 
from Theorem 1 5 . 1 6 1 are satisfied. 

Note that the verification of Ai = A2 actually means to check whether or 
not Fi and F2 are isomorphic. This can be done by fixing a vertex v E y(Ai) 
and comparing for each vertex w G V{A2) the pointed graphs {Ai,v) and 
{A2,w), because by Remark 13. 11 such an isomorphism if it exists is unique. 

Since morphisms of well-labelled graphs preserves endpoints and labels, 
we can specify the above verification by fixing a bichromatic vertex v € 
VB{Ai) and comparing the pointed graphs (Ai,f) and (A, it;), for each 
bichromatic vertex w G VB{T2). 

o 

Example 5.18. The subgroups Hi and H2 from Example IA.2I (see Figures 
[T^and fT^ are not conjugate to each other, because their Type graphs are not 
isomorphic. Indeed, Type{T{Hi)) = T{Hi) for i G {1,2}, but \V{T{Hi))\ / 
|y(F(i?2))|- Hence these graphs can not be isomorphic. o 

Complexity. Let m be the sum of the lengths of the words hi, . . .hg, and 
let / be the sum of the lengths of the words ki, . . . ,kt. By Theorem 14.11 (5), 
the complexity of the construction of the graphs F(ff) and T{K) is 0{m'^) 
and 0{P), respectively. 

The detecting of monochromatic components in the constructed graphs 
takes 0{\E{r{H))\) and 0{\E{r{K))\) , that is 0(m) and 0{l), respectively 
Since all the essential information about A, Gi and G2 is given and it is not 
a part of the input, verifications concerning a particular monochromatic 
component of T{H) or of T{K) takes 0(1). Therefore, the complexity of 
the construction of Type{T{H)) from T{H) is 0{\E{T{H))\), that is 0(m). 
Similarly, the complexity of the construction of Type{T(K)) from T(K) is 
Oi\E{T{K))\), that is 0{l). 

Now we are ready to verify an isomorphism of the obtained type graphs. 
We can start by comparing the sizes of l^(Fi) and V(r2) and of -E'(Fi) 
and ^(Fa). If |V^(Fi)| = \V{r2)\ and |^(Fi)| = \E{r2)\ then we continue. 
Otherwise the graphs are not isomorphic. 
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Let Ti = Type{T{H)) and T2 = Type{T{K)). Let v € ^^(ri) and 
w G VBiT2)- Thus, by Definition 15.41 (Fiju) and (r2,'w) are finite reduced 
precovers of G. 

Tlieorem 14.11 (2) implies tliat the finite reduced precovers (ri,u) and 
(r2,i«) are isomorphic if and only if they are isomorphic via the morphism 

of well-labelled pointed graphs, defined in the proof of Lemma [4.61 in [llj . 
That is to check the isomorphism between {Vi,v) and (r2,it'), we simply 
have to check if /i is defined. Recall that ^ : (Ti,!;) — > {T2-,w) satisfies 

=wx {yi3 = vx G V{ri)) and ^(e) = {n{i{e)) , lab{e)) (V e G E{r)). 

Thus for all i? = • 2; G ^(Ti) we have to check if Stariv ■ x,ri) = 
Star{w ■ x,r2), where the star of the vertex a (see j46| ) in the graph A is 
the set 

Star{a,A) = {e G ^(A) | i{e) = a}. 

This procedure takes time proportional to |£^(ri)|, that is proportional to 
m. Since in the worst case we have to repeat the above procedure for all 
pointed graphs (r2,a;), where uj G VB{T2), the verification of an isomor- 
phism between the graphs Fi and r2 takes 0{\VB(T2)\ ■ |£^(ri)|). 

Since \VB{T2)\ < \V{T2)\ and, by Theorem O (5), |V^(r2)| is propor- 
tional to / and |£'(ri)| is proportional to m, the complexity of the algorithm 
given along with the proof of Corollary 15.171 is 

0{m^ + f + ml) = 0{{m + lf). 

Thus the above algorithm is quadratic in the size of the input. 

Note that if the subgroups H and K are given by the graphs T{H) and 
T{K), the complexity of the algorithm that decides whether or not the 
subgroup H and K are conjugate in G is 

o{\E{r{H))\' + \E{r{K))\' + \VB{r2)\ ■ \E{r,)\). 

Note that, since our graphs are connected, |y(r2)| < |£'(r2)|. Thus 
\VB{r2)\ < \V{r2)\ < \E{T2)\ < \E{T{K))\. Since |£;(ri)| < \E{T{H))\, 
the complexity is 

o{\E{r{H))\' + \EiriK))\' + \E{r{H))\ • \E{r{K))\). 

That is it is quadratic in the size of the input 0{{\E{T{H))\ + \E{r{K))\)^) . 
5.3. More Conjugacy Results. 

Theorem 5.19. Let H and K he finitely generated subgroup of an amalgam 
of finite groups G = Gi *a G2- 

Then there exists g & G such that gKg~^ 1^ H if and only if one of the 
following holds. 



28 



L.MARKUS-EPSTEIN 



(1) If K ^ A then there exists a morphism of well-labelled graphs 

vr : Type{T{K)) ^ Type{T{H)). 

(2) IfK < A andType{T{K)) = Ci*{^^.a=v^.a \ a&A}C2, where {Ci,Vi) = 
{Cayley{Gi, K), K -1) (i £ {1,2}), then there exists a morphism of 
well-labelled graphs n : Ci ^ Type(T{H)), for some I € {1,2}. 

Proof. We begin with the following claim which allows to assume that T{H) = 
Type{V{H)). 

Claim 3. There exist v G V{T{H)) such that Type{T{L)) = V{L), where 
L = Lab{Type{r{H)),v). 

Proof of the Claim. By Definition lEHl either Type{V{H)) = T{H) or 
Type{r{H)) = T^. 

If = Cm then we take v G VBr^_,{Cm^i) = VBr^_,{Cm)- Thus 
L = Lab{Cm, v) < Gi {i {1, 2}), and, by the proof of Lemma [5. Ill L ^ A. 
Hence, by Lemma 15. 7[ r(L) = Cm. Thus, by Definition 15.121 r(L) = 
Type{r{L)). 

Assume now that Tm has at least two distinct monochromatic compo- 
nents. Let V S VB{Tm)- By Lemma I5.13( i). Tm is a finite nonempty 
precover of G. Thus, since Tm has no redundant components and v G 
VB{Tm), we conclude that Tm is a finite reduced precover. That is (r^, v) = 
{T{L),uq), where uq is the basepoint of r(L). Therefore Type{T{L)) = T{L). 

<> 

Let y G G such that v = VQ-y. Therefore L = y~^Hy. Thus y"^gKg~^y < 
L. Hence, without loss of generahty, we can assume that T[H) = Type{T{H)). 

Assume first that there exists g £ G such that gKg~^ < H. By Lemma[321 
there exists a morphism 99 : T{gKg~^) — > T(H). Let if' be the restriction of 
99 to Type{V{gKg-^)), that is 99' : Type{T{gKg-^)) ^ Type{T{H)). 

Let K ^ A. Thus either gKg~^ A 01 gKg~^ < A. Hence, by Theo- 
rem EHH either Type{T{K)) = Type{T{gKg~^)) or, 

Type{T{gKg~')) = Ci , a^A} C2, Type{T{K)) = Q {I e {1, 2}), 

where {Ci,Vi) = {Gayley{Gi, gKg~^), gKg~^ • 1), i G {1,2}. In the first 
case, we take n = cp' . In the second one, there exists an embedding cp : 
Type{T{K)) Type{T{gKg-^)). Therefore TT = if' o (j) gives the desired 
morphism. 

Assume now that K < A. Thus, by Definition 15.121 and Lemma 15.71 (iii), 
Type{T{K)) = Ci*{^^.a=y^.a \ aGA}C2, where {Gi,Vi) = {Cayley{Gi, K), K-1) 
(iG{l,2}). 
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If gKg^^ ^ A then, by Theorem l5.16l Type{T{gKg~^)) = Ci, for some / G 
{1,2}. Thus -IT = if' produces the desired morphism vr : C; — Type{r{H)). 
If gKg~^ < A then, by Theorem 15. 16t 

Type{T{gKg-^)) = Q Cayley{Gj,gKg ), 

where 1 < / ^ j < 2. Thus there exists an embedding (/) : Ci —>■ Type{T{gKg~^)). 
Therefore vr = o <^ : C; — > Type{T{H)) gives the desired morphism. 

Suppose now that K ^ A and the morphism vr : Type(T{K)) — > Type{T{H)) 
exists. Let p be a path in T{K) with l{p) = uq, where uq is the basepoint of 
the graph T{K), such that t{p) € V(Type{r{K))). Let u = t{p), lab{p) = f 
and let i? = tt{u) e V{Type{r{H))). 

Since Type{T{H)) C T{H), we have i9 G V{r{H)). By LemmaOUl there 
exists a normal path (7 in T{H) with /-(f;) = (the basepoint of T{H)) and 
r(g) = 1?. Let lab{q) = c. By Lemma [5.131 (iii). Lah{Type{T{K)),u) = 
La6(r(K),u) = f-^Kf and Lab{Type{V{H)),d) = Lab{T{H),d) = c'^Hc. 

Since tt can also be considered as a morphism of pointed graphs 

vr : {Type{T{K)),u) ^ (r2/pe(r(/7)), 

by Lemma[321 we have Lab{Type{T{K)),u) < Lab{Type{T{H)),^). Thus 
f~^Kf < c~^Hc. Therefore g = c - and gKg~^ < H, as required. 

Let K < A. Thus, by Lemma EZl (iii) , r(i^) = Ci *{t,i.a=«2-a I qgA} C2, 
where {Ci,Vi) = {Cayley{Gi, K), K • 1) (i E {1,2}) and the basepoint uq 
of T{K) is the image of -ftT • 1. Thus Lab{Ci,uo ■ a) = Lab{C2,uo ■ a) = 
Lab{T{K), Uq - a), for all a (z A. 

Assume that there is / G {1)2} such that the morphism vr : C/ ^ 
Type{T(H)) exists. Let p be a path in T{K) with t(p) = uq, where uq 
is the basepoint of the graph T{K), such that t{p) € V{Ci). Let u = t{p), 
lab{p) = f and let i? = tt{u) G V{Type{r{H))). 

Since Type{T{H)) C T{H), we have i9 G T/(r(i?)). By LemmaSTOl there 
exists a normal path (7 in T{H) with i(g) = vq (the basepoint of r(iJ)) 
and T{q) = ■!?. Let lab{q) = c. Thus Lab{Ci,u) = f~^Lab{Ci,uo)f = 
r^Lab{T{K),UQ)f = r^Kf and Lab{Type{T{H)),§) = Lab{T{H),^) = 

Since vr can also be considered as a morphism of pointed graphs 

7T : {Ci,u) ^ {Type{r{H)),'d), 

by Lemma[321 we have Lab{Ci,u) < Lab{Type{T{H)),'d). Thus f'^Kf < 
c~^Hc. Therefore g = c - and gKg^^ < H, as required. 

o 

Corollary 5.20. Let hi, ... , hg, ki, . . . ,kt G G. Then there exists an algo- 
rithm which decides whether or not there exists g £ G such that gKg~^ < H, 
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where 

H = {hi, . . . , hs) and K = {ki, . . . , kt). 
Moreover, the algorithm produces one such g if it exists. 

Proof. First we construct the graphs {T{K),uq) and (T{H),vq), using the 
generahzed StaUings' folding algorithm. Then we construct Type(T(K)) and 
Type(T{H)), according to Definition 15.121 

li K ^ A then we proceed as follows. Let u G V{Type{T[K))). For each 
vertex v G V{Type{T{H))) we iteratively check if there exists a morphism 
TT : {Type{T{K)),u) — > {Type{T(H)),v). If no such morphism can be found 
then K is not conjugate to any subgroup of H, by Theorem l5.19[ Otherwise, 
by the proof of Theorem l5.19^ gKg~^ < H, where g = c - f~^ and v = vq ■ f 
and u = uq ■ c. 

Assume now that K ^ A. Thus Type(T[K)) = Ci *{vi-a=v2-a | a€A} C2, 
where {Ci,Vi) = {Cayley{Gi, K), K ■ 1) (i e {1,2}). 

For each i E {1,2}, let Uj G V{Ci). For each vertex v E V{Type(T{H))) 
we iteratively check if there exists a morphism vr : (Cj, Uj) {Type{T{H)),v). 
If no such morphism can be found then K is not conjugate to any subgroup of 
H, by Theorem 15. 191 Otherwise, by the proof of Theorem l5.19l gKg~^ < H, 
where g = c ■ f~^ and v = vq ■ f and u = uq ■ c. 

o 

Complexity. Similarly to the complexity analysis of the algorithm pre- 
sented along with the proof of Corollary 15.201 the complexity of the above 
algorithm is 0((m + l)'^), where m is the sum of the lengths of the words 
hi, . . .hs, and / is the sum of the lengths of the words ki, . . . ,kt. Similarly, 
when the subgroup H and K are given by the graphs T{H) and T{K), the 
complexity is 0{{\E{r{H))\ + \E(r(K))\f). 

Corollary 5.21 (The Conjugacy Problem). The conjugacy problem is solv- 
able in amalgams of finite groups. 

Namely, let G = Gi*aG2 be an amalgam of finite groups. Given elements 
k,h £ G one can decide whether exists g £ G such that gkg~^ =g h. 

Proof. Let K = (k) and H = (h). We apply to K and H the algorithm 
described along with the proof of Corollary 15.201 If there is no 5 G G such 
that gKg~^ < H then the elements k and h are not conjugate in G. 

Otherwise, let g € G such that gKg~^ < H. We have to check whether 
gkg~^ =G h. To this end we rewrite the element gkg~^h~^ as a normal word. 
If the resulting word is not empty then, by the Torsion Theorem (IV. 2. 7, 
[27]). gkg^^h"^ Ij that is gkg~^ h. Otherwise, gkg~^ =q h. o 
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6. The Normality Problem 

The current section is devoted to the solution of the normality problem, 
which asks to know if a subgroup iJ of a group G is normal in G, for finitely 
generated subgroups of amalgams of finite groups. 

The quadratic time algorithm is presented in Corollary 16. 6[ It is based on 
Theorem [62] and Lemma [6.3| which give a connection between the normality 
of a subgroup H of an amalgam of finite groups G = Gi *a G2 and its 
subgroup graph T{H) constructed by the generalized Stallings' algorithm. 
The complexity analysis of the algorithm is given at the end of this section. 

We start by presenting the following technical result from [32], which is 
essential for the proof of Theorem 16.21 

Lemma 6.1 (Lemma 6.10 and Remark 6.11 in [32j). Let G = Gi *a G2 be 

an amalgam of finite groups. Let {T,v) be a finite precover of G such that 
Lab{r,v) =gH^{1}. 

Let w ^ H be a normal word. Then w labels a path in T closed at v if 
one of the following holds 

• l{w) > 1, 

• l{w) = 1 and w e Gi\A (i e {1,2}), 

• l{w) = 1, w e GiCiA and, v G VB{T) or v e VMi(r). 

Otherwise, if w G Gj fl j4 and v G VMjiV) (1 < i j < 2), then there exists 
a path in T closed at v and labelled with w' such that w' G Gj r)A,w =g w' ■ 

Theorem 6.2. Let H < G be a nontrivial subgroup of G such that H ^ Gi 
for all i G {1, 2}. Then H is normal in G if and only if the following holds. 

(i) The graph T{H) is -saturated. 

(ii) For all vertices v,u V{T{H)), the graphs {T{H),v) and {T{H),u) 
are isomorphic. 

Proof. Suppose first that conditions (i) and (ii) are satisfied. 

Let g be an element of G. Since T{H) is X^-saturated, there exists a 
path p in T{H) such that l{p) = vq and lab{p) = g. Let v = t{p). Condition 
(ii) implies Lab{T{H),VQ) = Lab{T{H),v). Thus H = g'^Hg, for ah 5 G G. 
Hence H <G. 

Assume now that {1} ^ H< G. Then T{H) is X=^-saturated. Otherwise, 
without loss of generality, we can assume that there exists v G V MiiJ^{H)). 
Let G be the Xi-monochromatic component of V[H) such that v G V{G). 

Let q be the approach path in T{I{) from vq to v with lab{q) = g. Thus 

Lab{T{H),v) = gLab{r{H),vo)g-^ = gHg-^ = H. 
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Since (T{H),v) is a precover of G, each normal element of H, whose 
syllable length is greater than 1, labels a normal path in (T(H),v) closed at 
V, by Lemma l6. 11 

Let h ^ H has the normal decomposition (/ii, . . . , h^). Thus /c > 1, since 
H ^ Gi {i {1, 2}). Let p be a normal path in T{H) such that 

i{p) = t{p) = V, p = pi • • -pk, where lab{pi) = hi, 1 < I < k. 

Thus /ii, /ifc S Gi \ A, because v S VMi{r{H)). Hence PkPi is a path in G 
from t(pfc) to r(pi), and we have lab(j>kPi) = /ifc/ii G Gi. 

If hkhi ^ A then the decomposition (/i2, • • • , (/ifc/ii)) is normal. Moreover, 
hi^hhi =G /i2 ■ • • (hkhi) S because H <G. Therefore, by Lemma l6.H 
there exists a normal path in T{H) closed at v and labelled with /12 • • • ^fe-2(^fc^i)- 
However, this is impossible because v E yMi(r(i^)) and /i2 G G2 \ ^4. We 
get a contradiction. 

If /ifc/ii G Gi n j4, we take h =g h^hi such that b G G2 H A. Thus the 
decomposition (/12, . . . , (hk-ib)) is normal, since G G2 \ ^4. We get a 

contradiction in the similar way. 

Therefore the graph T{H) is X^-saturated. Moreover, 

Lab{T{H),v) = gLab{T{H),vo)g~' = gHg^' = H, 

where g = lab{q) and q is an approach path in T{H) from vq to v. 

Thus, by Lemma IT6l {r[H),v) is isomorphic to {Gayley{G, H), H ■ 1), 
for aU V G V{T{H)). Therefore the graphs {T{H),v) and {T{H),u) are 
isomorphic, for all vertices v,u (z V{T{H)). 

o 

Lemma 6.3. Let H be a nontrivial subgroup of G such that H < Gi (i ^ 
{1, 2} ). The following holds. 

(i) IfH<G thenH <A. 

(ii) If H < A then H <G if and only if each monochromatic component 
G ofT{H) is a regular graph, that is {G,v) is isomorphic to {G,u), 
for all v,u e ViG). 

Proof. To prove (i) suppose that there exists h G H \ A. Let g £ Gj \ A, 
where 1 < i 7^ j < 2. Therefore ghg~^ is a normal word of syllable length 
3. Hence ghg^^ H. This contradicts with the assumption that H <G. 

Since H < A, T{H) = Gayley{Gi,H) *{Ha\a&A} Cayley{G2, H), by 
Lemma O (iii). Since H < A, H < G if and only ii H < Gi (i G {1,2}). 
Therefore H<iG ii and only if the graphs Gayley{Gi, H) and Gayley{G2, H) 
are regular (see 2.2.7 in [Uj). o 

Recall the following result from |33j . 
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Theorem 6.4 (Theorem 7.1 in [33]). Let H be a finitely generated subgroup 
of an amalgam of finite groups G = Gi * G2. 

Then [G : H] < 00 if and only ifT{H) is -saturated. 

Remark 6.5. By Theorem \6.4[ H <G implies [G : H] < 00. 

Corollary 6.6. Let hi,...hk € G. Then there exists an algorithm which 
decides whether or not H = {hi, . . . ,hi^) is a normal subgroup (of finite 
index) in G. 

Proof. We first construct the graph T{H) using the generalized Stallings' 
algorithm. 

If the number of monochromatic components of T{H) is equal to 1 then, 
by Lemma EZl (ii), H < Gi and H D A = {1} {i G {1,2}). Hence, by 
Lemma 16.31 (i), H is not normal in G. 

If the number of distinct monochromatic components of T{H) is equal 2 
and 

{r{H),vo) = {Cayley{Gi,H) *{Ha | aeA} Cayley{G2, H),^), 

where "i? is the image of • 1 in the amalgam graph, then H < A, hy 
Lemma 15.71 (iii). Thus, by Lemma 16.31 (ii), H is normal in G if and only if 
Cayley{Gi, H) and Cayley{G2, H) are regular graphs, that is if and only 
if {Cayley{Gi, H),v) is isomorphic to {Cayley{Gi, H), H • 1), for all v £ 
V{Cayley{Gi, H)), i £ {1,2}. Since an isomorphism of pointed labelled 
graphs is unique, by Remark 13. H we are done. 

Assume now that H ^ Gi, Thus we verify ifT{H) is X^-saturated. If it is 
not then, by Theorem 16.21 H is not normal in G. Otherwise, if T{H) is X^- 
saturated, then, by Theorem 16.21 H is normal in G if and only if the graphs 
(T{H),vo) and (T{H),v) are isomorphic, for each vertex v £ V{T(H)). Since 
an isomorphism of pointed labelled graphs is unique, by Remark 13. 11 we are 
done. 

o 

Example 6.7. Let Hi and H2 be subgroups from Example IA.2i One can 

easily verify from Figures [12] and [13] that Hi is not normal in G, because 
T{Hi) is not {x, y}^-saturated, while H2 ^ G. o 

Complexity. By Theorem 14.11 (5), the complexity of the construction of 
T{H) is 0{m?), where m is the sum of lengths of the given subgroup gener- 
ators. 

The detecting of monochromatic components in the constructed graph 
takes 0{\E{T{H))\) , that is 0{m), by Theorem [H] (5). 

Since all the essential information about the amalgam G = Gi *a G2, 
A, Gi and G2 is given and it is not a part of the input, the verifications 



34 



L.MARKUS-EPSTEIN 



concerning monochromatic components of T{H) takes 0(1). Therefore, to 
check from T{H) whether H < Gi, or H < A and the monochromatic 
components of T{H) are regular graphs, takes 0(1). 

To verify that all the vertices ofT{H) are bichromatic takes 0{\E{T{H))\). 
The verification of an isomorphism of the graphs (T{H),V()) and {T{H),v), 
for all V G ^(r), takes time proportional to \V{r{H)) \ ■ \E{T{H))\ (see the 
complexity analysis of the conjugacy problem). Since, by the Theorem 14.11 
(5), |V(r(//))| and \E{T{H))\ are proportional to m, the complexity of the 
above algorithm is 0{m'^). 

If the subgroup H is given by the graph {T{H) , vq) and not by a finite set of 
subgroup generators, then the complexity is equal to |F(r(i7))| • \E{T{H))\. 
Thus in both cases the algorithm is quadratic in the size of the input. 

7. Intersection Properties 

In this section we study properties of intersections of finitely generated 
subgroups of amalgams of finite groups such as the Howson property (the in- 
tersection of two finitely generated subgroups is finitely generated), malnor- 
mality and almost malnormality. The corresponding algorithmic problems 
and their solutions are presented. 

Definition 7.1. Let H be a subgroup of a group G. 

We say that H is a malnormal subgroup of G if and only if 

gHg-'nH = {l}, ygeG\H. 

H is almost malnormal if for all g € G \ H, the subgroup H fl gHg^^ is 
finite. 

Obviously, {1} and G are malnormal subgroups of G. If G is Abelian, 
then {1} and G are the only malnormal subgroups of G. The most natural 
example of a malnormal subgroup is K inside any free product K * L. 

Malnormal subgroups of hyperbolic groups have recently become the ob- 
ject of intensive studies (see, for instance, [TOl [HI HI E]). Thus malnor- 
mality plays an important role in the Combination Theorem for hyperbolic 
groups [Tl I13t [23]. For importance of almost malnormality see, for example, 
[391150]. 

As is well known [B] , in general, malnormality is undecidable in hyperbolic 
groups. However, the results presented in the current section show that 
malnormality is decidable for finitely generated subgroups in the class of 
amalgams of finite groups. Below we present a polynomial time algorithm 
(Corollarv l7.12|) that solves the malnormality problem., which asks to decide 
whether or not a subgroup H of the group G is malnormal in G. The 
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complexity analysis of the presented algorithm is given at the end of this 
section. 

Product graphs (Definition I7.2p are used to compute intersections of sub- 
groups via their subgroup graphs. We start by studding products of precov- 
ers. As an immediate consequence, a solution of the intersection problem, 
which asks to find effectively the intersection of two subgroups, is obtained 
(Corollary 17. 7p . This allows one to conclude (Corollary I7.9p that amalgams 
of finite groups possess Howson property, which is known to be true (see, for 
instance [101 HI])- 

Then we characterize malnormality of a finitely generated subgroup H 
of an amalgam of finite groups by the properties of the product graph 
T{H) X T{H) (Theorem 17. lip . This provides the solution of the malnor- 
mality problem (Corollary I7.12p . These results are naturally extended to 
detect almost malnormality of finitely generated subgroups of amalgams of 
finite groups (Theorem 17.141 and Corollary 17. ISp . 

Product Graphs. 

Definition 7.2. Let T and A be two labelled with Xf^ U Xf' graphs. The 
product graph T x A is the graph defined as follows. 

(1) v{r X A) = v{r) X v{A). 

(2) for each pair of vertices {vi, ui), {v2,U2) G V{T x A) (so that vi,V2 E 
V^(r) and ui,U2 € V{A)) and the letter x X there exists an edge 
e G £^(r X A) with 

i(e) = {vi,ui), r(e) = {v2,U2) and lab{e) = x 

if and only if there exist edges ei G Ei^) and 62 G E[A) such that 

i{ei) = vi, r(ei) = V2 and lab{ei) = x 

and 

i{e2) = ui, T{e2) = U2 and lab{e2) = x 

Along this section we consider G = Gi *a G2 to be an amalgam of finite 
groups Gi and G2. 

Lemma 7.3. Let T and A be finite precovers of G = Gi *a G2. 

Then nonempty connected components ofTxA are finite precovers of G. 

Proof. Since T and A are finite graphs the product graph is finite, by Defi- 
nition 17.21 Thus each of its connected components is finite as well. 

Let $ be a nonempty connected component $ of F x A, that is E{^) ^ 0. 

Let p be a path in $ such that lab{p) = r, where r =g 1- Let {v, u) = i{p) 
and {v' , u') = t[p) then there exist paths pi in T and p2 in A such that 

'•(Pi) = ^) t{Pi) = v' and lab{pi) = r 
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and 

l{p2) = u, t{p2) = u' and lab{p2) = r. 

Since F and A are G-based graphs, we have v = i{pi) = t{pi) = v' and 
u = i{p2) = t{P2) = u' . Thus = {v',u'). Hence p is a closed path in 

$. That is $ is G-based. 

Finally, we have to show that each Xj-monochromatic component of ^ is 
a cover of Gi [i € {1,2}). By Lemma 14.61 a Xj-monochromatic component 
is a cover of Gi if and only if it is X^^-saturated and Gj-based {i G {1,2}). 

Let C be a Xj-monochromatic component of Since the graph $ is 
G-based, it is, in particular, Gj-based. Hence G is Gj-based. 

G is Xj^-saturated. Indeed, let (f,u) G y{C). Thus either {v,u) € 
VMi{C) {i e {1,2}) or {v,u) G VB{C). Definition O implies that in the 
first case at least one of the vertices u or n is Xj-monochromatic in F and 
A, respectively, and the other one is bichromatic or Xj-monochromatic. If 
{v,u) G VB{G) then v G ^^(F) and u G T/S(A). 

Since F and A are precovers, their bichromatic vertices are X^-saturated 
and their Xj-monochromatic vertices are X^:^-saturated {i G {1,2}). 

Therefore, by Definition 17.21 the vertex {v, u) is X^^^-saturated. Thus G 
is Xj^-saturated. Hence it is a cover of Gj. 

By definition of precover, each nonempty connected component $ of F x A 
is a finite precover of G. 

o 

Let G be the connected component of F x A containing the vertex i?. 
Therefore Lah{T x A, ??) = Lah{C, ??), because Loop{T x A, ??) = Loop{C, ??). 
From now on we allow ourselves to vary between this two notations which 
define the same. 

Lemma 7.4. Let F and A be finite precovers of G such that Lab{T, v) = H 
and Lab{A,u) = K, where v G V{T) and u G ^(A). 

Let "!? = {v,u) G V{T x A). Let G be a connected component o/ F x A 
such that {} G V{G). 

Ifve VMi{T) and u G VMj{/\), where 1 < i / i < 2, then 

V{C) = E{G) = ib and {1} <Hr\K <A. 
Otherwise E{C) / and Lab(T x A,i}) = HnK. 

Proof. If V e VMi{T) and u G VMj{A), where 1 < i / j < 2, then, by 
Definition Ea V{C) = {^} and E{G) = 0. 

Let H n K ^ {!}. Then there exists 1 w e H n K. Without loss of 
generality, we can assume that the word w is in normal form. 
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Assume first that the syUable length of the normal word w is greater than 
1. Let (xi, X2, . . . , Xk-i,Xk) be a normal decomposition of w. By Lemma [6?T| 
this word labels a normal path closed at the basepoint in both graphs F and 
A. 

Hence xi,Xk G Gi \ A, because v € VMi{T). On the other hand, 
u G VMj{A) and therefore xi,Xk ^Gj\A{l<i^j< 2). This is a 
contradiction. Therefore the syllable length of the normal word w (z H K 
is equal to L By Lemma 16.11 similar arguments show that in this case 
w e A. 

Assume now that the vertices v and u are not of different colors. Us- 
ing the same ideas as in the proof of Lemma 17.31 we can assume, without 
loss of generality, that the vertices v and u are X^^^-saturated (i G {1,2}). 
Therefore, by Definition [721 E{C) / 0. 

Let w H n K he a normal word. 

By Lemma f6.ll if either l{w) > 1, or l{w) = 1 and w ^ A then the word w 
labels a path in F closed at v and also labels a path in A closed at u. Hence, 
by Definition 17.21 there exists a path p closed at i? in C C T{H) x T{K) such 
that lab{p) = w. Thus w G Lah{T{H) x A,t?) = Lab{C,^). 

Assume now that the syllable length of w is equal to 1 and w (z A. Let 
w' G Gi n A such that w' =g w. Since, by our assumption, the vertices 
V and u are saturated. Lemma 16.11 implies that the normal word w' 
labels a path closed at the basepoint in both graphs F and A. Therefore 
w G Lab{T{H) x A,i9). Thus 

HnK <Z Lab{T x A, i?) = Lab{C, ??). 

Now let p be a path in C C F x A closed at t?. Hence, by Definition 17. 2^ 
there exists a path pi in F closed at v and there exists a path p2 in A closed 
at u, such that 

lab{p) = lab{pi) = lab{p2)- 

Since lab[pi) G LabiV^vo) = H and lab{p2) G Lab{A,u) = K, we have 
Lab{C, 1?) C Lab{r, v) n Lab{A, u) = Hr\K. 
Hence Lab{C, d) = Hr\K. 

o 

Remark 7.5. The above proof implies that ii H n K < Gi (i G {1, 2}) then 

HnK = Lab{C, v) n Lab{D, u), 

where C and D are Xj-monochromatic component of F and A, respectively, 
such that V G V{G) and u G V{D). o 

Recall that {r{H),vo) is the subgroup graph of H constructed by the 
generalized Stallings' algorithm. 
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Corollary 7.6. Let H be a finitely generated subgroup of G. 

Let A be a finite precover of G such Lab{A, u) = K . 

Let -d = {vq,u) E V{T[I{) x A). Let C be a connected component of 
T{H) X A such that i? G V{G). 

Then Lab{V{H) x A, t9) = Lab{C, t}) = HnK. 

Proof. If C is a nonempty (i.e., E{C) 7^ 0) connected component of T{H) x A 
then, by Lemma [M Lab(T{H) x A, ??) = Lab{C, i}) = H n L<. 

Otherwise, Lemma El imphes that {1} < H D K < A. If IL D K = {1} 
then, since Lab^C,!^) = {1}, the desired equahty holds. 

Assume now that {1} ^ HCiK < A. Hence HCiA ^ {I}. Therefore, since 
T(H) is a reduced precover of G, Definition 15.41 (ii) imphes v G VB{T{H)). 
Therefore, by Lemma 17. 4| E{G) 7^ 0. That is G is nonempty. This is a 
contradiction. Thus Lab{T{H) x A, ??) = Lab{G, Hr\K. 

o 

Corollary 7.7 (The Intersection Problem). Let H = {hi, • • • , hn) and K = 

{ki, ■ ■ ■ , km) be finitely generated subgroups of an amalgam of finite groups 
G = Gi *A G2. 

Then there exists an algorithm which finds the generators of HCiL'C, which 
is finitely generated. 

Proof. We first use the generalized Stallings' folding algorithm to construct 
the subgroup graphs {T{H),vo) and {r{K),uo). 

Since, by Theorem 14. 11 these graphs are finite, the product graph T{H) x 
T{K) can be effectively constructed, and it is finite. 

By Corollary 17.61 H C] K = Lab{G, (vq^uq)), where C is a connected 
component of T{H) x T{K) such that {vo,uo) G y{G). Therefore it is 
sufficient to construct only the component G. 

Let ?9 = {vo,uo). Recah that G = Gi *a G2 = gp{X \ R). 

By Lemma l7.3|, (C, ??) is a precover of G, which is finite by the construc- 
tion. Therefore, in particular, it is a finite well-labelled graph. Hence, the 
subgroup L of FG{X) determined by (C, ??) is finitely generated ([191 US 
I46j). Since Lab{G,'0) = L/N = L/LCiN, where N is the normal closure of 
R in FG{X), we conclude that Lab{G, i}) = H (1 L'C is finitely generated. 

To find the generating set we proceed as follows. Let T be a fixed spanning 
tree of G. For all v G V{G), we consider t„ to be the unique freely reduced 
path in T from the basepoint to the vertex v. 

For each e G E{G) we consider t{e) = tt(e)etT-(e). Thus if e G E(T) then 
t{e) can be freely reduced to an empty path, that is lab{t{e)) =fg{x) 1- 

Let E^ be the set of positively oriented edges of G. Let 

Xl = {lab{t{e)) I e G E+\E{T)}, 
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As is well known [H [291 06] , L = FG{Xh). Therefore L = (Xl). 

o 

Remark 7.8. In order to compute a finite group presentation of the sub- 
group HDK one can apply to (C, i?) the restricted version of the Reidemeister- 
Schreier algorithm presented in [33]. This is possible, because C is a finite 
precover of G, by Lemma 17.31 o 

Corollary 7.9 (Howson Property). Let G = Gi *ji G2 be an amalgam of 
finite groups. 

The intersection of two finitely generated subgroups of G is finitely gen- 
erated in G. That is G possesses the Howson property. 



Malnormality. 

Lemma 7.10. Let H and K be finitely generated subgroups of the group G. 
Let g be an element of G. 

Then H n gKg~^ conjugates to a subgroup of A or it conjugates to the 
subgroup Lab{C, "d), where C is a nonempty connected component ofT{H) x 
Y{K) such that i9 = {v,u) G V{C), and v € V{T{H)), u £ V{r{K)). 

Proof. Without loss of generality, assume that is a normal word. Then 
either there exists a path p in T{K) such that l{p) = uq and lab{p) = g~^ 
or such a path doesn't exist in T{K). 

In the first case, let u = t{jp) then Lab{T{K),u) = gKg^^. By Corollary 
Ym Lab{C, i^) = Hn gKg-\ where i9 = {vq, u). 

Assume now that p' is the longest path in T{K) such that t(p') = uq and 
lab{p') = g2^ , where g = gig2- Let u = t{p'). Then either there exists a 
path q in T{H) such that L{q) = vq and lab{q) = gi or such a path doesn't 
exist in T{H). 

, r(K) • , , r(ff) , 

91 

• vo 

q 



Figure 9. 

First we assume that q exists in T{H), see Figure O Let v = T{q). Thus 
Lab(T{K).,u) = g2Kg2^ and Lab{T{H),v) = g^^Hgi. By Lemma [7^ if u 
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and V are monochromatic vertices of different colors then 

{1} <g~^Hging2Kg^^ <A. 

Otherwise, Lab{C, (n, v)) = g^^Hgi fi g2Kg2^, where C is a nonempty con- 
nected component of the product graph T{H) x T{K) containing the vertex 
^ = {v,u), V G V{T{H)), u G V{T{K)). 
Since 

H n gKg'^ = gi{g^^Hgi n g2Kg2^)g^\ 

we have {1} < H D gKg~^ < giAg^^ or H n gKg~^ = giLab{C,'d)g^^ , 
respectively. 

Assume now that there is no path in T{H) starting at vq and labelled 
with gi. Below we prove that in this case H n gKg^^ = {1}. 

Suppose that H fi gKg~^ ^ {!}. Let (r',n') be the graph obtained 
from r(i(') by attaching a path t at the vertex u, such that i(t) = u and 
lahif) = gj"^. Let r(t) = u', see Figure [TOl The graph (r',n') is finite, 



52 X, ■ u gi , 
4 

7 . t 



M ^ — < 

P 



Figure 10. The graph r' 

because T{K) is finite and the "stem" t is also finite. It is well-labelled, 
because T{K) is well-labelled and (7^^ is the maximal prefix of the word g~^ 
that is readable in T{K) starting at uq. 

Thus Lab{r' ,u') = gKg^^, and for each nontrivial element in gKg~^ and 
,in particular, for each 1 7^ z G Hr\gKg~^ there exists a nonempty path 7 in 
(r',u') such that lab{^) =g z and t(7) = t(7) = u' . The above construction 
of (r',n') implies that lab{^) = giiug^^ , where w € Lab{T{K),u). Since 
lab{'y) =G z ^ 1, the word is nonempty. Thus, by Lemma l6.ll we can 
assume that the word w is in normal form, because {T{K),u) is a finite 
precover of G and w E Lab{r{K),u). 

Since each Xj-monochromatic component of r(A') is a cover of Gj, i S 
{1, 2} (thus, in particular, it is X^^-saturated) and because g2^ is the maxi- 
mal prefix of the word g~^ such that there is a path p' in T{K) with l{p') = uq 
and lab{p') = g^^, there exists a normal decomposition of the word g 

iVl, ■■■,yk,Xl,.. ■,Xm) 
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such that gi = yi - ■ - yk and g2 = xi ■ ■ ■ Xm, where y^ G Gi and xi € Gj, 
l<i^j<2. 

Note that n is a Xj-monochromatic vertex of T{K). Otherwise there 
exists a Gj-monochromatic component D in T{K), such that u G V{D). 
Since it is Xj-saturated, yk is readable from u in D and therefore in T{K). 
This contradicts the maximahty of the word §2- Thus the word giwgi^ is 
in normal form. 

On the other hand, since z =g giwg^^ G H, Theorem l4.1l (4) implies that 
there exists a normal path 7' in T{H) closed at vq with lab{'y') = giwg^^. 
Therefore there exists a path in T{H) starting at vq and labelled with gi. 
This contradicts with our assumption that such a path doesn't exist in T{H). 
Hence H n gKg^^ = {!}. 

o 

Theorem 7.11. Let H be a finitely generated subgroup of G. Then H is 
malnormal in G if and only if the following holds 

(1) H n gHg-^ n fAf~^ = {1} for allgeG\H,fe G; 

(2) each connected nonempty component G ofT{H) xT{H) which doesn't 
contain the vertex {vq, vq) satisfies Lab{C, i9) = {1} for all •& S V{C). 

Proof. Suppose that H is malnormal in G. Then H fl gHg~^ = {1} for all 
g£G\H. Hence H n gHg-^ n fAf^^ = {1} for ah g,f £G. 

Let C be a nonempty connected component of T{H) x T{H) such that 
{vo,vo) ^ V{G). Let ?? = (^1,^2) G V{G). Hence vi ^ V2 e V{T{H)). 
Indeed, if vi = V2 then (ui, ^2) G F(Co), where Co is a connected component 
of the product graph T{H) x r(i/), containing the vertex [vq.,vq). 

Lemma 17.41 implies that 

Lab{G, ^) = Lab{T{H),vi) n Lab{T{H),V2) = g^^Hgi n g2^Hg2, 

where gi and g2 label paths in T(H) from vq to vi and to V2, respectively. 

Since T{H) is a G-based graph and vi ^ V2, we have ^iff^^ i?- Indeed, 
otherwise 

vo = vo- {gig2^) = {vq ■ gi) ■ g^^ = vi ■ g^^. 

Thus 

^^1 = ^'i • {92^92) = {vi ■ 92^) ■ g2 = vo- 92 = V2. 

However giLab{G,'d)gi^ = H D gig2^ Hg2gi^ = {!}, because H is mal- 
normal in G. Therefore Lab{G,'&) = {!}. 

Assume now that the conditions (l)-(2) are satisfied. By Lemma 17. 10^ 
the subgroup H n gHg~^ conjugates to a subgroup of A or it conjugates to 
the subgroup Lab{G,i}), where C is a nonempty (i.e. E{G) 7^ 0) connected 
component of the product graph T(H) x T{H). 
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In the first case, 1 < / ^{H n gHg < A for some f £ G. Therefore 
H n gHg~^ D fAf~'^ / {!}. This contradicts condition (1). 

Condition (2) imphes Lab{C,'&) = {!}, hence H n gHg~^ = {!}. There- 
fore H is malnormal in G. 

o 

Corollary 7.12 (The Malnormality Problem). Let hi,...hk € G. Then 
there exists an algorithm which decides whether or not the subgroup H = 
{hi, . . . hk) is malnormal in G. 

If H is not malnormal, the algorithm produces a nontrivial element g E 
G\H such that H n gHg-^ ^ {!}. 

Proof. First we construct the subgroup graph T{H) using the generahzed 
Stalhngs' algorithm. Since, by Theorem 14.11 it is finite, the product graph 
T(H) X T{H) can be constructed effectively. Now we check whether each 
connected nonempty component C oiT{H)xT{H) which doesn't contain the 
vertex {vo,vo) satisfies Lab{C,i}) = {1} for some -& € ViC). If there exists 
a component with La6(C, i9) / {1} (?? G V{G)), then, by TheoremEIIl H 
is not malnormal in G. 

Moreover, by the proof of Theorem 17. IH a nontrivial element g G\H 
such that H n gHg~^ / {1} is g =g gig2^ , where 

vi = vq- gi, v2 = vo- 52 and i9 = (vi, ^2)- 

Note that it is sufficient to check whether Lab{G,'d) = {1} only for some 
d E V{C). Indeed, if v' E V{G) such that v' ^ § then Lab{C,v') = 
xLab(r,i!})x~^ , where x E G and v' ■ x = d. Thus Lab{Y,v') = {1}. 

Since, by Lemma [731 C* is a precover, the above verification can be done 
as follows. 

By Lemma ISTT i) . a reduced precover (A,ii) has Lab{A,u) = {1} if and 
only if V{A) = u and ^(A) = 0. Thus Lab{G,^) = {1} if and only if 
the iterative removal of the unique sequence of redundant components from 
(C, •&) yield the empty graph (A, u) with the above properties. 

Assume now that all connected nonempty components of T{H) x T{H) 
satisfy condition (2) from Theorem 17.111 Then H is malnormal in G if and 
only if condition (1) is satisfied. In order to verify this we proceed as follows. 

Let D be an arbitrary single vertex of the product graph T{H) x T{H), i.e. 
D is an empty component of T{H) x T{H) such that V{D) = {(^1,^2)} and 
E{D) = 0. Then vi ^ V2 e V{T{H)) such that ■ gi = Vi, i E {1,2}. Since 
E(D) = 0, by Lemma l7.4| vi and V2 are monochromatic vertices of T{H) of 
different colors. Without loss of generality, assume that Vi E VMi(T{H)), 
i E {1,2}. By LemmaEa {1} < g^^Hgi n g2^Hg2 < A. 
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Let Ci be a Xj-monochromatic component of T{H) such that Vi € V{Ci). 
By Remark 1 7. 5 1 

g^^Hging2^Hg2 = Lab{Ci,vi)nLab{C2,V2) ^ {1}. 

Thus we have to check if Lab{Ci,vi) n Lab{C2,V2) is a nontrivial subgroup 
of ^. If so then g^^Hgi D g2^Hg2 is a nontrivial subgroup of A, otherwise 
g^^Hgi n g^'Hg2 = {!}. 

Let 5 = An Lab{Ci,vi). We consider {Cayley{G2, S), S ■ 1). Thus 
Lab{Cayley{G2, S),S -1) = S. Let be a nonempty connected component 
of the product graph Cayley{G2, S) x C2 containing the vertex (5 • 1,V2)- 
Then, by Lemma 17.41 

Lab{E, {S ■ 1, V2)) = Lab{Cayley{G2, S), S ■ 1) n Lab{G2,V2) = 

= S nLab{C2,V2) = An Lab{Ci,vi) nLab{G2,V2) = gi^Hgi n g2^Hg2. 

Thus giLab{E, {S ■ l,V2))gi^ = H n gHg~^, where g =g gig2^ ■ Hence 
Lab{E, [S ■ 1,V2)) 7^ {1} implies H is not malnormal in G. 

Otherwise if Lab{E, {S-1,V2)) = {1} for each component D of the product 
graph T(H) x T{H), where E is constructed as described above, then H is 
a malnormal subgroup of G. 

o 

Example 7.13. Let G = gp{x,y\x'^,y^,x'^ = y^) = Gi *a G2, where Gi = 
gp{x\x^), G2 = gp{y\y^) and A = {x^) = {y^). 

Let H he a finitely generated subgroup of G given by its subgroup graph 
T{H) which is presented on Figure [TTl 

We compute T{H) x T{H) (see Figure fTTI) . Using the method described 
along with the proof of Corollary 17.121 we conclude that Lab{Ci, {vo,vi)) = 
{1}, LabiGs, ivo,V3)) = {!}, but LabiG2,ivo,V2)) + {!}. Therefore, by 
Theorem 17. m H is not malnormal in G. 

o 

Complexity. By Theorem 14.11 (5), the complexity of the construction of 
T{H) for a subgroup H of G given by a finite set of generators is 0{iTn?), 
where m is the sum of lengths of the input subgroup generators. 
The construction of T{H) x T{H) takes 

0{\V{T{H))\' + \V{T{H))\-\E{T{H))\). 

Let C be a connected component of T{H) x T[H). To verify whether 
Lab{G,v) = 1, -y € V{G), takes time proportional to \E(G)\'^, by the com- 
plexity analysis of the generalized Stallings algorithm (see Lemma 8.7 in 
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[32]). Since 



E 

ccr(H)xr(H) 



\E{C)\ = \E{nH)><T{H))\<\E{T{H)){^ 



the above verification for all connected components of T{H) x T{H) takes 

omT{Hm. 

Since all the information about the free factors of the amalgams, as well 
as the relative Cay ley graphs of the free factors are not a part of the input, 
the verifications concerning the empty components of the product graph 
T{H) X T{H) takes time 0{\V{T)\^). 

Since, by Theorem O (5), \E{T{H))\ and \V{T{H))\ are proportional to 
m, algorithm given by the proof of Corollary 17.121 takes O(m^). Thus the 
algorithm is polynomial in the size of the input. 

Almost Malnormality. 

Theorem 7.14. Let H he a finitely generated subgroup of G. Then H is 
almost malnormal in G if and only if Lab{C, -d) conjugates to a subgroup 
of Gi or G2 ("& € V{C)), for each nonempty connected component G of 
T(H) X T{H), which doesn't contain the vertex {vq,vq). 

Proof. Suppose that H is almost malnormal in G. Then H r\gHg~^ is finite 
for allg eG\H. 

Let C be a nonempty connected component of T{H) x T{H) such that 
{vo,vo) V{G). Let i9 = {vi,V2) G V{G). By the proof of Theorem EUl 
vi ^ V2 €^ V{T{H)) and gig2^ H, where Vi = VQ-gi {i ^ {1, 2}). Moreover, 

La6(C, = Lab{r{H),vi) n Lab{T{H),V2) = g^^Hgi n g2^Hg2. 
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However giLab{C,'d)g^ = H n gig2 Hg2gi is finite, because H is al- 
most malnormal in G. Therefore, by the Torsion Theorem (IV. 2. 7 in [27]), 
giLab{C,'0)g^^ conjugates to a subgroup of Gi or G2. 

Assume now that the condition is satisfied. By Lemma I7.1UI for all g G 
G\H the subgroup HngHg~^ conjugates to a subgroup of ^ or it conjugates 
to the subgroup Lab{C,-d), where C is a nonempty connected component 
of the product graph T{H) x T{H). Therefore if La6(C, i?) conjugates to 
a subgroup of Gi or G2, then, since Gi {i G {1,2}) is finite, H is almost 
malnormal. 

o 

The almost malnormality problem asks to decide whether or not a sub- 
group H of the group G is almost malnormal in G. 

Corollary 7.15 (The Almost Malnormality Problem). Let hi,...hk € G. 
Then there exists an algorithm which decides whether or not the subgroup 
H = {hi, . . .hk) is almost malnormal in G. 

If H is not almost malnormal, the algorithm produces a nontrivial element 
g £ G\H such that H n gHg~^ is not finite. 

Proof. The proof is similar to that of Corollary 17.121 First we construct the 
subgroup graph T{H) using the generalized Stallings' algorithm. Since, by 
Theorem 14.11 it is finite, the product graph T{H) x T{H) can be constructed 
effectively. Now for each nonempty connected component G of T{H) x T{H) 
which doesn't contain the vertex {vq,vq), we check whether Lab{G,'d) {-d £ 
V{G)) conjugates to a subgroup of Gi or G2. By Theorem 17. 14|, H is almost 
malnormal in G if and only if each such component G possesses this property. 

We proceed as follows. If G consists of a unique Xj-monochromatic com- 
ponent (i G {1,2}) then {1} < Lab{G,v) < Gi. Otherwise, let t9 G VB{G) 
be a basepoint of G. 

By Lemma 17. 3^ C is a finite precover of G. If (C, ??) is not a reduced 
precover then we remove from G all the redundant components w.r.t. the 
basepoint Let (C, i9') be the resulting graph, where -d' is the image of -d 
in C". Thus (C, -d') is a reduced precover such that Lab{G, i?) = Lab{G', ■&'). 
Let L = Lab{G',i}'). 

By Lemma [5.71 L < Gi such that LnA = {l}if and only if G' consists of 
a unique Xj-monochromatic component, and L < A if and only if (C, i?') = 
Gayley{Gi, L) j ^g^} Gayley{G2, L). Thus Lab{C,'d) = L conjugates to 
a subgroup of Gi or G2 if and only if C" satisfies one of the above properties. 

Note that if there exists a connected component G such that none of the 
above properties is satisfied then, by the proof of Theorem 17. 141 ^ nontrivial 
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element g £ G \ H such that H fi gHg ^ is not finite is g =g 9x92 ) where 
vi = VQ-gi, V2 = VQ-g2 and -d = {vi,V2). 

o 

Complexity. Similarly to the complexity analysis of the solution of the 
malnormality problem, presented along with the proof of Corollary 17.121 
the above solution of the almost malnormality problem takes 0(\E{T{H))\'^), 
that is O(m^), where m = Ym=i 

8. The Power Problem 

The power problem asks for an algorithm that decides whether or not 
some nontrivial power of a word g in the generators of a group G belongs 
to the subgroup H of G. 

By a nontrivial power of g we mean an element g"^ £ G such that n > 1 
and g^ 1 (otherwise g" (z H for each torsion element g £ G and all 
o{g) I n). 

This problem is an extension of the membership problem for H in G. The 
membership problem for finitely generated subgroups in amalgams of finite 
groups was (successfully) solved in [32] using subgroup graphs constructed 
by the generalized Stallings' algorithm. Below we employ same technics 
to solve the power problem in this class of groups (Corollaries 18.11 and l8.4|) . 
Theorem 18.31 provides the solution. The complexity analysis of the described 
algorithm is given at the end of the section. 

We split the power problem into two instances. The first one, (PI), asks 
for an answer "Yes" or "No" on the question whether some nonzero power 
of a word g in the generators of G belongs to the subgroup H. 

The second one, (PII), asks to find the minimal power n > such that 
5" G H. Evidently (PII) imphes (PI). 

Corollary 8.1 (The Power Problem). Let G = Gi*a G2 he an amalgam of 
finite groups. Then there exists an algorithm which solves (PI). 

That is, given finitely many subgroup generators hi, . . .h^ G G and normal 
word g G G, the algorithm decides whether or not some nonzero power of g 
is in the subgroup H = {hi, . . .hk). 

Proof. Let K = {g). Construct the subgroup graphs {T{H), vq) and {T{K),uo) 
using the generalized Stallings' algorithm. 

By Corollary 17.61 Lab{C,'d) = H f] K = (5"), where C is the connected 
component of T{H) x T{K) such that ■!? = {vq,uq) S V{C). Therefore 
Lab{G, "d) = {1} implies no nonzero power of g is in H. 
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Thus we construct the connected component C of the product graph 
V{H) X T{K). The verification whether or not Lab{C,'d) = {1} can be done 
as is explained in the proof of Corohary 17.121 

o 

Complexity. By the complexity analysis of the "malnormality" algorithm 
given along with the proof of Corollary 17.121 the complexity of the above 
algorithm given by Corollary ED is 0{\E{T{H))\'^ ■ \E{T{K))\'^) . That is 
0(?n^ • |(7p), where m is the sum of lengths of hi, . . . hk- 

Following [27], we say that a word g = gig2 ■ ■ ■ gt ^ G = Gi *a G2 given 
by the normal decomposition {gi, g2, ■ ■ ■ , Sk) is cyclically reduced if /c < 1 or 
if gi and g^ are in different factors of G. Hence if g is cyclically reduced then 
all cyclic permutations of {gi, g2, ■ ■ ■ , dk) define normal words. Obviously, 
if 5 E G is cyclically reduced then g is freely cyclically reduced, that is 
g ^ xg'x~^ (x G X^). 

Lemma 8.2. Let g ^ G he a normal word given by the normal decomposition 
(51)92; ••• )5fe)- Then there exists a normal word x G and a cyclically 
reduced word g' ^ G such that g =g xg'x~^ and the word xg'x~^ is in 
normal form. 

Proof. If k = 1 then the statement is trivial: x = 1 and g' = g. If A; is 
an even number then the syllables gi and g^ are, evidently, in different free 
factors. Therefore g is cyclically reduced. Thus the statement is trivial. 

Assume now that k is odd. The proof is by induction on the syllable 
length of g, that is on k. 

If 9k9i ^ Gi\A then we put g'^, =g, gk9i {i e {1,2}). Thus g =g 
91(92 ■ ■ ■ g'k)9i^- Since 92 ^ Gj \ A [l < i j < 2), the word 9' = g2---9k 
is normal and cyclically reduced. Moreover, the words x = gi and xg'x = 
9192 ■ ■ ■ gk-i{9'k9i^) are normal. 

If 9k9i G Gj n A (z G {1, 2}) we take b e Gj n A (1 < i j < 2) such that 
b =G 9k9i- Since gk-i G Gj\A, we have gk^ib G Gj\A. Let g'f^_^ =Gj 9k~ib. 
Then 

9 =G 91(92 ■ ■ ■ gk-29'k-i)9i^ ■ 

We put X = gi, g' = 92 ■ ■ ■ 9k-29k-i- Thus x, g' and xg'x~^ are normal 
words. Moreover, by the inductive assumption, there exists a normal word 
x' G G and a cyclically reduced word g" G G such that g' =g x'g"(x')~^, 
where x' = g2 - ■ ■ 9i (I < (n — l)/2) and the word x'g"(x')~^ is in normal 
form. 

Thus the words xx' and (xx')g" {xx')~^ are normal. Since g =g (xx')g" (xx') 
we are done. 
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O 

Theorem 8.3. Let H be a finitely generated subgroup of an amalgam of 
finite groups G = Gi *a G2- Let g ^ G be a non torsion element such that 
g"' (z H for some n > 1. 

Then there exists 1 <z < \V{T{H))\ such that g^ € H. 

Proof. Assume that g ^ H otherwise the statement is trivial. Let n > 1 be 
the smallest positive integer such that g'^ S H. Since g ^ H, we have n > 1. 
Suppose that n > \V{T{H))\ > 1 otherwise the statement is trivial. 

Without loss of generality we can assume that g is a normal word given by 
the normal decomposition g = gi • ■ ■ gk, where k > 1 since g is non torsion. 

By Lemma l8.2t there exits a normal word x € G and a cyclically reduced 
word g' £ G, such that g =g xg'x~^ and the word xg' x~^ is normal. 

Note that the syllable length of g' is greater than 1. Otherwise g' is an 
element of either Gi or of Gi. Thus 5 is a conjugate of an element of either 
G\ or of G2- Therefore, by the Torsion Theorem (IV. 2. 7 in [23 )i 5 is a 
torsion element of G, which contradicts our assumption. 

Therefore g^ =g x{g')"'x~^ and the word x{g')"'x~^ is normal. Hence, by 
Theorem 14. II (4). there exists a normal path p in T{H) with l{p) = t{p) = vq 
and lab{jp) = x{g')^x~^ . Since the graph T{H) is well-labelled, there is a 
decomposition p = tqt, where 

i{t) = uo, T{t) = V, lab{t) = X, and L{q) = T{q) = v,lab{q) = {g')"'. 

Since the word g' is freely cyclically reduced, we have |((7')"l — \9'\ ' ^• 
Hence we can set Vm = u ■ {g')™', 1 < m < n. Since n > \V{T{H))\, there 
exist 1 < i < j < n such that Vi = vj. Thus Vi ■ {g'y~~^ = vj = Vi. Therefore 
V = V ■ (5')" = ■ {g'v)^~^^~^^ ■ Hence 

^'o • [x{g'T~^^''^x"^) = V ■ [{g'T~^^~'^x~^) = v ■ x-^ = vq. 

Thus € H. Hence g'^~^i~'^) g H. Since 1 < i < i, we have 

1 < n — {j — i) < n. This contradicts with the choice of n. 

o 

Corollary 8.4 (The Power Problem). Let G = Gi*a G2 be an amalgam of 
finite groups. Then there exists an algorithm which solves (PII)- 

That is, given finitely many subgroup generators hi, . . .h^ £ G and normal 
word g € G, the algorithm finds the minimal nonzero power n such that 
g^eH={hi,...hk). 

Proof. We begin by rewriting the word 5 as a normal word xg'x~^, where 
X £ G is a normal word and g' € G is a cyclically reduced word. This is 
possible by Lemma 18.21 and can be done according to the process described 
in the proof of this lemma. Thus g =g xg'x~^ . 
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If l{g') = 1 then g' £ Gi {i € {1,2}). Thus g is a torsion element of G. 
Let o{g') be the order of g' . Since 1 < o{g) = o{g') < \Gi\, we have to verify 
whether g^ S H, for all 1 < m < — 1, and to stop when the first such 
power is found or when g"^ =g 1, that is no nontrivial power of g is in H. 

By Theorem 14.11 (4) , such a verification can be done using the subgroup 
graph (T{H),vq) constructed by the generahzed Stalhngs' algorithm. That 
is (7™ € -ff if and only if its normal form labels a normal path in V{H) closed 
at the basepoint vq. If (g')™ ^ A [1 < m < \Gi\ — 1), then x{g')^x is a 
normal word. Otherwise we just rewrite it as a normal word. 

If l{g') > 1, then, by the proof of Theorem [8T3l g"^ e H if and only if 
there exists a path p in T{H) closed at vq with lab{p) = x{g')'^x~^ such that 
1 < m < \V{T{H))\. 

Hence we try to read x{g')"^x~^ on T{H) starting at vq, for all 1 < m < 
|y(r(ff))|. That is we begin with m = 1 and stop when we succeed to read 
x{g')"^x~^ at the first time. If no such m is found then no nonzero power of 
g is in H. 

o 

Complexity. By Theorem 14. II (5). the construction oiT{H) takes 0{m^), 
where m is the sum of the lengths of hi, ... hk- To find the desired normal 
form of g, which is xg'x~^, takes 0(|(7|). A verification of whether or not 
x{g'yx~^ can be read on T{H) starting at vq {I < i < \V{T{H)\) takes 
0{\g\ ■ \V{T{H)\), when g is non torsion. Otherwise it takes 0{\g\ ■ \Gi\) 
{i G {1,2}). Since the information about the factors, Gi and G2, is given 
and it is not a part of the input, it takes 0(|(7|). 

Since, by Theorem 14.11 (5). |y(r(i?))| is proportional to m, we conclude 
that the complexity of the algorithm given along with the proof of Corollary 
18.41 is Oirn? + m ■ \g\). Thus the algorithm is quadratic in the size of the 
input. Moreover, it is faster than the algorithm presented in Corollary 18.11 
which solves (PI). 

Appendix A. 

Below we follow the notation of Grunschlag |16j . distinguishing between 
the ^Hnput" and the given data'\ the information that can be used by the 
algorithm "for free", that is it does not affect the complexity issues. 

Algorithm 

Given: Finite groups Gi , G2, A and the amalgam G = Gi*a G2 given 

via (l.a), (1.6) and (l.c), respectively. 

We assume that the Cayley graphs and all the relative Cayley 

graphs of the free factors are given. 
Input: A finite set {gi, • ■ ■ ,gn}QG- 
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Output: A finite graph T(H) with a basepoint vq which is a reduced 
precover of G and the following holds 
. Lab{r{H),vo) =gH- 

• H = {gi, ■ ■ ■ ,£/,„); 

• a normal word is in if if and only if there is a loop (at vq) in 
T{H) labelled by the word w. 

Notation: Tj is the graph obtained after the execution of the i-th. step. 

Stepl: Construct a based set of n loops around a common distin- 
guished vertex vq, each labelled by a generator of H; 
Step2: Iteratively fold edges and cut hairs @; 
Step3 : 

For each Xj-monochromatic component C of r2 (i = 1,2) Do 
Begin 

pick an edge e € E{C); 

glue a copy of Cayley{Gi) on e via identifying 1^. with t(e) 
and identifying the two copies of e in Cayley(Gi) and in 
If necessary Then iteratively fold edges; 
End; 
Step4 : 

For each v £ VB{r3) Do 

If there are paths pi and p2, with l{pi) = i{p2) = v and 
t{pi) 7^ '^{P2) such that 

lah{pi) e Gi n ^ (i = 1, 2) and lab{pi) =g lah{p2) 

Then identify t{pi) with t{p2); 
If necessary Then iteratively fold edges; 

Step5: Reduce r4 by an iterative removal of all {redundant) Xj-monochromat 
components C such that 

• (C, i9) is isomorphic to Cayley{Gi, K,K ■ 1), where K < A and 
^ G VB{C); 

. \VB{C)\ = [A:K]; 

• one of the following holds 

- K = {1} and VQ VMiiC); 

— K is a nontrivial subgroup of A and vq V{C). 

Let r be the resulting graph; 



hair is an edge one of whose endpoint has degree 1 
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If VB{T) = and (rjtio) is isomorphic to Cayley{Gi, IgJ 
Then we set ^(rs) = {vq} and -^(rs) = 0; 
Else we set Fs = T. 
Step6 : 
If 

. vo G VM.iT^) (i G {1,2}); 

• (C, vq) is isomorphic to Cayley{Gi, K, K ■ 1), where L = K V\ A 
is a nontrivial subgroup of A and C is a Xj-monochromatic 
component of Fs such that vq £ V{C); 

Then glue to F5 a Xj-monochromatic component (1 < « 7^ J < 2) 
D = Cayley{Gj, L, L ■ 1) via identifying L ■ 1 with ?;o and 
identifying the vertices L ■ a of Cayley{Gj, L,L ■ 1) with the vertices 

• a of C, for all a G ^ \ L. 
Denote T{H) = Fg. 

Remark A.l. Note that the first two steps of the above algorithm cor- 
respond precisely to the Stallings' folding algorithm for finitely generated 
subgroups of free groups [Ml ESI IS] • 




Figure 12. The construction of r(7yi). 



Example A. 2. Let G = gp{x,y\x^,y^,x'^ = y^)- 

Let Hi and H2 be finitely generated subgroups of G such that 

Hi = [xy) and H2 = {xy"^ ,yxyx). 

The construction of T{Hi) and T[H2) by the algorithm presented above 
is illustrated on Figures [12] and [T3l o 
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